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Ricci curvatures on Hermitian manifolds
Kefeng Liu, Xiaokui Yang
Abstract. In this paper, we introduce the first Aeppli-Chern class for complex manifolds
and show that the (1, 1)- component of the curvature 2-form of the Levi-Civita connection
on the anti-canonical line bundle represents this class. We systematically investigate the
relationship between a variety of Ricci curvatures on Hermitian manifolds and the back-
ground Riemannian manifolds. Moreover, we study non-Ka¨hler Calabi-Yau manifolds by
using the first Aeppli-Chern class and the Levi-Civita Ricci-flat metrics. In particular,
we construct explicit Levi-Civita Ricci-flat metrics on Hopf manifolds S2n−1 × S1. We
also construct a smooth family of Gauduchon metrics on a compact Hermitian manifolds
such that the metrics are in the same first Aeppli-Chern class, and their first Chern-Ricci
curvatures are the same and nonnegative, but their Riemannian scalar curvatures are
constant and vary smoothly between negative infinity and a positive number. In par-
ticular, it shows that Hermitian manifolds with nonnegative first Chern class can admit
Hermitian metrics with strictly negative Riemannian scalar curvature.
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1. Introduction
Let (M,h) be a Hermitian manifold and g the background Riemannian metric. It
is well-known that, when (M,h) is not Ka¨hler, the complexification of the real curvature
tensor R is extremely complicated. Moreover, on the Hermitian holomorphic vector bundle
(T 1,0M,h), there are two typical connections: the (induced) Levi-Civita connection and
the Chern connection. The curvature tensors of them are denoted by R and Θ respectively.
It is known that the complexified Riemannian curvature R, the Hermitian Levi-Civita
curvature R and the Chern curvature Θ are mutually different. It is also obvious that R is
closely related to the Riemannian geometry of M , and Θ can characterize many complex
geometric properties of M whereas R can be viewed as a bridge between R and Θ, i.e. a
bridge between Riemannian geometry and Hermitian geometry.
Let {zi}ni=1 be the local holomorphic coordinates centered at a point p ∈ M . We can
compare the curvature tensors of R, Θ when restricted on the space Γ(M,Λ1,1T ∗M ⊗
End(T 1,0M)). That is, we can find relations between Rijkℓ and Θijkℓ. We denoted by
R
(1) =
√−1R(1)
ij
dzi ∧ dzj with R(1)
ij
= hkℓRijkℓ,
R
(2) =
√−1R(2)
ij
dzi ∧ dzj with R(2)
ij
= hkℓRkℓij,
R
(3) =
√−1R(3)
ij
dzi ∧ dzj with R(3)
ij
= hkℓRiℓkj,
and
R
(4) =
√−1R(4)
ij
dzi ∧ dzj with R(4)
ij
= hkℓRkjiℓ.
R
(1) and R(2) are called the first Levi-Civita Ricci curvature and the second Levi-Civita
Ricci curvature of (T 1,0M,h) respectively; R(3)and R(4) are the corresponding third and
fourth Levi-Civita Ricci curvatures. Similarly, we can define the first Chern-Ricci cur-
vature Θ(1), the second Chern-Ricci curvature Θ(2), the third and fourth Chern-Ricci
curvatures Θ(3) and Θ(4) respectively. As shown in [40], R(2) and Θ(2) are closely related
to the geometry of M , for example, we can use them to study the cohomology groups
and plurigenera of compact Hermitian manifolds. On the other hand, it is well-known
that Θ(1) represents the first Chern class c1(M) ∈ H1,1
∂
(M). However, in general, the first
Levi-Civita Ricci form R(1) is not d-closed, and so it can not represent a class in H1,1
∂
(M).
We introduce two cohomology groups to study the geometry of compact complex (es-
pecially, non-Ka¨hler) manifolds, the Bott-Chern cohomology and the Aeppli cohomology:
Hp,qBC(M) :=
Kerd ∩Ωp,q(M)
Im∂∂ ∩ Ωp,q(M) and H
p,q
A (M) :=
Ker∂∂ ∩ Ωp,q(M)
Im∂ ∩ Ωp,q(M) + Im∂ ∩ Ωp,q(M) .
Suppose α is a d-closed (p, q)-form. We denote by [α]BC and [α]A, the corresponding
classes in Hp,qBC(M) and H
p,q
A (M) respectively. Let Pic(M) be the set of holomorphic line
bundles over M . As similar as the first Chern class map c1 : Pic(M)→ H1,1∂ (M), there is
a first Aeppli-Chern class map
(1.1) cAC1 : Pic(M)→ H1,1A (M),
which can be described as follows.
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Definition 1.1. Let L→M be a holomorphic line bundle overM . The first Aeppli-Chern
class is defined as
(1.2) cAC1 (L) =
[−√−1∂∂ log h]
A
∈ H1,1A (M)
where h is an arbitrary smooth Hermitian metric on L. Note that −√−1∂∂ log h is the
(local) curvature form Θh of the Hermitian line bundle (L, h). If we choose a different
metric h′, then Θh′ − Θh =
√−1∂∂ log ( h
h′
)
is globally ∂∂-exact. Hence cAC1 (L) is well-
defined in H1,1A (M) and it is independent of the metric h. For a complex manifold M ,
cAC1 (M) is defined to be c
AC
1 (K
−1
M ) where K
−1
M is the anti-canonical line bundle ∧nT 1,0M .
Note that, for a Hermitian line bundle (L, h), the classes c1(L), c
BC
1 (L) and c
AC
1 (L) have
the same (1, 1)-form representative Θh = −√−1∂∂ log h (in different classes).
On Ka¨hler manifolds or Hermitian manifolds the first Chern classes and first Bott-Chern
classes are well-studied in the literatures by using the Chern connection. In particular,
the related Monge-Ampe`re type equations are extensively investigated since the celebrated
work of Yau. However, the geometry of the Levi-Civita connection is not well understood
in complex geometry although it has rich real Riemannian geometry structures.
1.1. The complex geometry of the Levi-Civita connection. In the first part of this
paper, we study (non-Ka¨hler) Hermitian manifolds by using Levi-Civita Ricci forms and
Aeppli-Chern class cAC1 (M). At first, we establish the following result which is analogous
to the classical result that the (first) Chern-Ricci curvature Θ(1) represents the first Chern
class c1(M).
Theorem 1.2. On a compact Hermitian manifold (M,ω), the first Levi-Civita Ricci form
R
(1) represents the first Aeppli-Chern class cAC1 (M) in H
1,1
A (M). More precisely,
(1.3) R(1) = Θ(1) − 1
2
(∂∂∗ω + ∂∂
∗
ω).
In particular, we obtain
(1) R(1) = Θ(1) if and only if d∗ω = 0, i.e. (M,ω) is a balanced manifold;
(2) if ∂∂∗ω = 0, then R(1) represents the real first Chern class c1(M) ∈ H2dR(M), i.e.
c1(M) = c
AC
1 (M) in H
2
dR(M).
We also show that, on complex manifolds supporting ∂∂-lemma (e.g. manifolds in Fujiki
class C and in particular, Moishezon manifolds), the converse statement of (2) holds.
There is an important class of manifolds, so called Calabi-Yau manifolds which are
extensively studied by mathematicians and also physicians. In this paper, a Calabi-Yau
manifold is a complex manifold with c1(M) = 0 and we will focus on non-Ka¨hler Calabi-
Yau manifolds. There are many fundamental results on non-Ka¨hler Hermitian manifolds
with vanishing first Bott-Chern classes. They are always characterized by using the first
Chern-Ricci curvature Θ(1) and the related Monge-Ampe`re type equations (e.g.[18, 25, 51,
52, 53, 54, 55]). For more details on this subject, we refer the reader to the nice survey
paper [50].
Next, we make the following observation:
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Corollary 1.3. Let M be a complex manifold. Then
cBC1 (M) = 0 =⇒ c1(M) = 0 =⇒ cAC1 (M) = 0.
Moreover, on a complex manifold satisfying the ∂∂-lemma,
cBC1 (M) = 0⇐⇒ c1(M) = 0⇐⇒ cAC1 (M) = 0.
That means, it is very natural to study non-Ka¨hler Calabi-Yau manifolds by using the
first Aeppli-Chern class cAC1 and the first Levi-Civita Ricci curvature R
(1).
Definition 1.4. A Hermitian metric ω on M is called Levi-Civita Ricci-flat if
R
(1)(ω) = 0.
It is known that Hopf manifolds M = S2n−1×S1 are all non-Ka¨hler Calabi-Yau manifolds
(n ≥ 2), i.e. c1(M) = 0. However, there is no Chern Ricci-flat Hermitian metrics on M ,
i.e. there does not exist a Hermitian metric ω such that Θ(1)(ω) = 0 since cBC1 (M) 6= 0
(see Remark 6.1 for more details). On the contrary, we can construct explicit Levi-Civita
Ricci-flat metrics on them.
Theorem 1.5. Let M = S2n−1 × S1 with n ≥ 2 and ω0 the canonical metric on M . The
perturbed Hermitian metric
ω = ω0 − 4
n
R
(1)(ω0)
is Levi-Civita Ricci-flat, i.e. R(1)(ω) = 0.
Theorem 1.5 is an explicit example demonstrating that the zero first Aeppli-Chern class
can imply the existence of Levi-Civita Ricci-flat Hermitian metric. This result is also
anologous to the following two classical and general results. One is Yau’s celebrated
solution to Calabi’s conjecture
Theorem 1.6 ([62]). Let (M,ω) be a compact Ka¨hler manifold. If the real (1, 1) form η
represents the first Chern class c1(M), then there exists a smooth function ϕ ∈ C∞(M)
such that the Ka¨hler metric ω˜ = ω +
√−1∂∂ϕ has Ricci curvature η, i.e.
Ric(ω˜) = η.
The other one is Tosatti and Weinkove’s Hermitian analogue of Yau’s fundamental result:
Theorem 1.7 ([51]). Let (M,ω) be a compact Hermitian manifold. If the real (1, 1)
form η represents the first Bott-Chern class cBC1 (M), then there exists a smooth function
ϕ ∈ C∞(M) such that the Hermitian metric ω˜ = ω+√−1∂∂ϕ has Chern-Ricci curvature
η, i.e.
Θ(1)(ω˜) = η.
As inspired by Theorem 1.5 and the fundamental Theorem 1.6 and Theorem 1.7, we
propose the following problem.
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Problem 1.8. Let M be a compact complex manifold. For a fixed Hermitian metric ω0
on M , and a real (1, 1)-form η representing cAC1 (M), does there exist a (0, 1)-form γ such
that the Hermitian metric ω = ω0 + ∂γ + ∂γ satisfies
R
(1)(ω) = η?
In particular, if cAC1 (M) = 0 (or c1(M) = 0), does there exist a (0, 1)-form γ such that
the Hermitian metric ω = ω0 + ∂γ + ∂γ is Levi-Civita Ricci-flat, i.e. R
(1)(ω) = 0?
Although the background PDE is not exactly the same as the standard Monge-Ampe`re
equations, we hope similar methods could work.
The first Levi-Civita Ricci curvature R(1) is closely related to possible symplectic struc-
tures on Hermitian manifolds. It is easy to see that, on a Hermitian manifold (M,ω), R(1)
is the (1, 1)-component of the curvature 2-form of the Levi-Civita connection on K−1M .
Hence, if R(1) is strictly positive, it can induce a symplectic structure on M (see Theorem
3.21 and also [36]). Moreover, the symplectic structures thus obtained are not necessarily
Ka¨hler.
As applications of Theorem 1.2, we can characterize Hermitian manifolds by using the
Levi-Civita Ricci curvature.
Theorem 1.9. Let (M,h) be a compact Hermitian manifold. If the first Levi-Civita
Ricci curvature R(1) is quasi-positive, then the top intersection number cn1 (M) > 0. In
particular, H2dR(M), H
1,1
∂
(M),H1,1BC(M) and H
1,1
A (M) are all non-zero.
The Levi-Civita Ricci curvature and the Aeppli-Chern class are also closely related
to the algebraic aspects of the anti-canonical line bundle. For example, on a projective
manifold M , c1(M) and c
AC
1 (M) are “numerically” equivalent, i.e. for any irreducible
curve γ in M ,
cAC1 (M) · γ = c1(M) · γ.
In particular,
Corollary 1.10. (1) if R(1) is semi-positive, the anti-canonical line bundle K−1M is
nef;
(2) if R(1) is quasi-positive, then K−1M is a big line bundle.
It is not hard to see that if the Hermitian manifold (M,g) has positive constant Riemannian
sectional curvature, then R(1) is positive. On the other hand, since the positivity condition
is an open condition, R(1) is still positive in a small neighborhood of a positive constant
sectional curvature metric. As an application of this observation, one can see the following
result of Lebrun which is also observed in [5] and [49].
Corollary 1.11. On S6, there is no orthogonal complex structure compatible with metrics
in some small neighborhood of the round metric.
1.2. Curvature relations on Hermitian manifolds. In the second part of this paper,
we investigate the relations between various Ricci curvatures on Hermitian manifolds. As
introduced above, on a Hermitian manifold (M,ω) there are several different types of Ricci
curvatures:
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(1) the Levi-Civita Ricci curvatures R(1), R(2), R(3), R(4);
(2) the Chern Ricci curvatures Θ(1), Θ(2), Θ(3), Θ(4);
(3) the Hermitian-Ricci curvature RicH =
√−1Rijdzi ∧ dzj where Rij = hkℓRijkℓ
(which is equal to R(1) and R(2)), the third and fourth Hermitian-Ricci curvatures
R(3) and R(4);
(4) the (1, 1)-component of the complexified Riemannian Ricci curvature, Ric.
If (M,ω) is Ka¨hler, all Ricci curvatures are the same, but it is not true on general Hermitian
manifolds. We shall explore explicit relations between them by using the Hermitian metric
ω and its torsion T . We write them down with a reference curvature, e.g. Θ(1), to the
reader’s convenience.
Theorem 1.12. Let (M,ω) be a compact Hermitian manifold.
(1) The Levi-Civita Ricci curvatures are
R
(1) = Θ(1) − 1
2
(
∂∂∗ω + ∂∂
∗
ω
)
;
R
(2) = Θ(1) − 1
2
(
∂∂∗ω + ∂∂
∗
ω
)
−
√−1
4
T ◦ T +
√−1
4
T ⊡ T ;
R
(3) = Θ(1) − 1
2
(√−1Λ (∂∂ω)+ (∂∂∗ω + ∂∂∗ω))+ √−1
4
T ⊡ T +
T ([∂∗ω]#)
4
;
R
(4) = Θ(1) − 1
2
(√−1Λ (∂∂ω)+ (∂∂∗ω + ∂∂∗ω))+ √−1
4
T ⊡ T +
T ([∂∗ω]#)
4
,
where (∂∗ω)# is the dual vector of the (0, 1)-form ∂∗ω.
(2) The Chern-Ricci curvatures are
Θ(2) = Θ(1) −√−1Λ (∂∂ω)− (∂∂∗ω + ∂∂∗ω) +√−1T ⊡ T ;
Θ(3) = Θ(1) − ∂∂∗ω;
Θ(4) = Θ(1) − ∂∂∗ω.
(3) The Hermitian-Ricci curvatures are
RicH = R
(1) = R(2) = Θ(1) − 1
2
(
∂∂∗ω + ∂∂
∗
ω
)
−
√−1
4
T ◦ T ;
R(3) = R(4) = Θ(1) − 1
2
(√−1Λ (∂∂ω)+ (∂∂∗ω + ∂∂∗ω))
+
√−1
4
T ⊡ T +
T ([∂∗ω]#) + T ([∂∗ω]#)
4
.
(4) The (1, 1)-component of the complexified Riemannian Ricci curvature is
Ric = Θ(1) −√−1(Λ∂∂ω)− 1
2
(∂∂∗ω + ∂∂
∗
ω) +
√−1
4
(
2T ⊡ T + T ◦ T )
+
1
2
(
T ([∂∗ω]#) + T ([∂∗ω]#)
)
.
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From these curvature relations, one can see clearly the geometry of many Hermitian man-
ifolds with special metrics (e.g. d∗ω = 0, ∂∂ω = 0). In particular, these curvature
relations may enlighten the study of various Hermitian Ricci flows (e.g. [46, 47, 48], [40],
[25, 52, 53, 56, 26, 27]) by using the well-studied Hamilton’s Ricci flow. Of course, it is also
natural to define new Hermitian Ricci flows by certain Ricci curvatures with significant
geometric meanings, for example, the first Levi-Civita Ricci curvature R(1).
As straightforward consequences, from the Ricci curvature relations, we can also obtain
relations between the corresponding scalar curvatures. It is known that the positive scalar
curvature can characterize the geometry of the manifolds. In [63], Yau proved that, on a
compact Ka¨hler manifold (M,ω), if the total scalar curvature is positive, then all pluri-
genera pm(M) vanish, and so the Kodaira dimension of M is −∞. Based on Yau’s result,
Heier-Wong ([30]) observed that on a projective manifold, if the total scalar curvature is
positive, the manifold is uniruled, i.e. it is covered by rational curves. On a compact
Hermitian manifold M , Gauduchon showed ([23]) that if the total Chern scalar curvature
of a Gauduchon metric is positive, then pm(M) = 0 and κ(M) = −∞. On the other
hand, the Riemannian scalar curvature on Riemannian manifolds is extensively studied.
In particular, by Trudinger, Aubin and Schoen’s solution to the Yamabe problem, it is
well-known that every Riemannian metric is conformal to a metric with constant scalar
curvature. To understand the relations between Riemannian geometry and Hermitian
geometry, the following relation is of particular interest.
Corollary 1.13. On a compact Hermitian manifold (M,ω), the Riemannian scalar cur-
vature s and the Chern scalar curvature sC are related by
(1.4) s = 2sC +
(
〈∂∂∗ω + ∂∂∗ω, ω〉 − 2|∂∗ω|2
)
− 1
2
|T |2.
Moreover, according to the different types of Ricci curvatures, there are different scalar
curvatures and the following statements are equivalent:
(1) (M,ω) is Ka¨hler;
(2)
∫
s · ωn =
∫
2sC · ωn;
(3)
∫
sC · ωn =
∫
sR · ωn;
(4)
∫
sC · ωn =
∫
sH · ωn;
(5)
∫
sH · ωn =
∫
sLC · ωn.
A similar formulation as (1.4) by using “Lee forms” is also observed by Gauduchon ([24]).
See also [57, 58, 3, 10, 11, 1, 32, 22, 4, 41, 33] for some curvature relations on complex
surfaces. For more scalar curvature relations, see Corollary 4.2, Remark 4.3, Corollary 4.4
and Corollary 4.5.
1.3. Special metrics on Hermitian manifolds. Finally, we study special metrics on
Hermitian manifolds. In the following, we give precise examples of Hermitian manifolds
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on the relations between Ricci curvatures, Chern scalar curvatures and Riemannian scalar
curvatures.
Theorem 1.14. For any n ≥ 2, there exists an n-dimensional compact complex manifold
X with c1(X) ≥ 0, such that X admits three different Gauduchon metrics ω1, ω2 and
ω3 with the following properties.
(1) [ω1] = [ω2] = [ω3] ∈ H1,1A (X);
(2) they have the same semi-positive Chern-Ricci curvature, i.e.
Θ(1)(ω1) = Θ
(1)(ω2) = Θ
(1)(ω3) ≥ 0;
(3) they have constant positive Chern scalar curvatures.
Moreover,
(1) ω1 has positive constant Riemannian scalar curvature;
(2) ω2 has zero Riemannian scalar curvature;
(3) ω3 has negative constant Riemannian scalar curvature.
To the best of our knowledge, this is the first example to show that Hermitian manifolds
with nonnegative first Chern class can admit Hermitian metrics with strictly negative
constant Riemannian scalar curvature.
We observe the following identity on general compact Hermitian manifolds.
Proposition 1.15. On a compact Hermitian manifold (M,ω), for any 1 ≤ k ≤ n− 1, we
have
(1.5)
∫ √−1∂ω ∧ ∂ω · ωn−3
(n− 3)! = ‖∂
∗ω‖2 − ‖∂ω‖2,
and
(1.6)
∫ √−1ωn−k−1 ∧ ∂∂ωk = (n− 3)!k(n − k − 1) (‖∂ω‖2 − ‖∂∗ω‖2) .
The form √−1ωn−k−1 ∧ ∂∂ωk
was firstly introduced in [18] by Fu-Wang-Wu to define a generalized Gauduchon’s metric.
More precisely, a metric ω satisfying
√−1ωn−k−1 ∧ ∂∂ωk = 0 for 1 ≤ k ≤ n− 1 is called a
k-Gauduchon metric. The (n−1)-Gauduchon metric is the original Gauduchon metric. It
is well-known that, the Hopf manifold S2n+1× S1 can not support a metric with ∂∂ω = 0
(SKT) or d∗ω = 0 (balanced metric). However, they showed in [18] that on S5× S1, there
exists a 1-Gauduchon metric ω, i.e. ω ∧ ∂∂ω = 0.
A straightforward application of Proposition 1.15 is the following interesting fact:
Corollary 1.16. If (M,ω) is k-Gauduchon for 1 ≤ k ≤ n − 2 and also balanced, then
(M,ω) is Ka¨hler.
One can also get the following analogue in the “conformal” setting:
Corollary 1.17. On a compact complex manifold, the following are equivalent:
(1) (M,ω) is conformally Ka¨hler;
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(2) (M,ω) is conformally k-Gauduchon for 1 ≤ k ≤ n− 2, and conformally balanced.
In particular, the following are equivalent:
(3) (M,ω) is Ka¨hler;
(4) (M,ω) is k-Gauduchon for 1 ≤ k ≤ n− 2, and conformally balanced;
(5) (M,ω) is conformally balanced and Λ2(∂∂ω) = 0.
We need to point out that the equivalence of (3) and (4) is also proved by Ivanov and
Papadopoulos in [33, Theorem 1.3] (see also [12, Proposition 2.4]). However, in [19], Fu-
Wang-Wu proved that there exists a non-Ka¨hler 3-fold which can support a 1-Gauduchon
metric and a balanced metric simultaneously. By Corollary 1.16, they must be different
Hermitian metrics. For more works on Hermitian manifolds with specials metrics, we refer
the reader to [1, 2, 4, 10, 11, 13, 14, 15, 16, 17, 18, 19, 20, 28, 22, 37, 40, 39, 60, 61, 42,
50, 43, 44, 45] and the references therein.
The paper is organized as follows: In Section 2, we introduce several basic terminolo-
gies which will be used frequently in the paper. In Section 3, we study the geometry of
the Levi-Civita Ricci curvature and prove Theorem 1.2, Corollary 1.3, Theorem 1.9 and
Corollary 1.11. In Section 4, we investigate a variety of Ricci curvature and scalar curva-
ture relations over Hermitian manifolds and establish Theorem 1.12 and Corollary 1.13.
In Section 5, we study some special metrics on Hermitian manifolds and prove Proposi-
tion 1.15, Corollary 1.16 and Corollary 1.17. In Section 6, we construct various precise
Hermitian metrics on Hermitian manifolds and prove Theorem 1.5 and Theorem 1.14. In
Section 7, we include some straightforward computations on Hermitian manifolds for the
reader’s convenience.
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2. Background materials
2.1. Ricci curvature on almost Hermitian manifolds. Let (M,g,∇) be a 2n-dimensional
Riemannian manifold with Levi-Civita connection ∇. The tangent bundle ofM is denoted
by TRM . The curvature tensor of (M,g,∇) is defined as
(2.1) R(X,Y,Z,W ) = g
(∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,W )
for any X,Y,Z,W ∈ TRM . Let TCM = TRM ⊗ C be the complexification of the tangent
bundle TRM . We can extend the metric g, the Levi-Civita connection ∇ to TCM in the
C-linear way. For instance, for any a, b ∈ C and X,Y ∈ TCM ,
(2.2) g(aX, bY ) := ab · g(X,Y ).
Hence for any a, b, c, d ∈ C and X,Y,Z,W ∈ TCM ,
(2.3) R(aX, bY, cZ, dW ) = abcd · R(X,Y,Z,W ).
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Let (M,g, J) be an almost Hermitian manifold, i.e., J : TRM → TRM with J2 = −1,
and for any X,Y ∈ TRM , g(JX, JY ) = g(X,Y ). We can also extend J to TCM in the
C-linear way. Hence for any X,Y ∈ TCM , we still have
(2.4) g(JX, JY ) = g(X,Y ).
Let {x1, · · · , xn, xn+1, · · · x2n} be the local real coordinates on the almost Hermitian
manifold (M,J, g). In order to use Einstein summations, we use the following convention:
(2.5) {xi} for 1 ≤ i ≤ n; {xI} for n+ 1 ≤ I ≤ 2n and I = i+ n.
Moreover, we assume,
(2.6) J
(
∂
∂xi
)
=
∂
∂xI
and J
(
∂
∂xI
)
= − ∂
∂xi
.
By using real coordinates {xi, xI}, the Riemannian metric is represented by
ds2g = giℓdx
i ⊗ dxℓ + giLdxi ⊗ dxL + gIℓdxI ⊗ dxℓ + gIJdxI ⊗ dxJ ,
where the metric components giℓ, giL, gIℓ and gIL are defined in the obvious way by using
∂
∂xi
, ∂
∂xℓ
, ∂
∂xI
, ∂
∂xL
. By the J-invariant property of the metric g, we have
(2.7) giℓ = gIL, and giL = gLi = −gℓI = −gIℓ.
We also use complex coordinates {zi, zi}ni=1 on M :
(2.8) zi := xi +
√−1xI , zi := xi −√−1xI .
(Note that if the almost complex structure J is integrable, {zi}ni=1 are the local holomor-
phic coordinates.) We define, for 1 ≤ i ≤ n,
(2.9) dzi := dxi +
√−1dxI , dzi := dxi −√−1dxI
and
(2.10)
∂
∂zi
:=
1
2
(
∂
∂xi
−√−1 ∂
∂xI
)
,
∂
∂zi
:=
1
2
(
∂
∂xi
+
√−1 ∂
∂xI
)
.
Therefore,
(2.11)
∂
∂xi
=
∂
∂zi
+
∂
∂zi
,
∂
∂xI
=
√−1
(
∂
∂zi
− ∂
∂zi
)
.
By the C-linear extension,
(2.12) J
(
∂
∂zi
)
=
√−1 ∂
∂zi
, J
(
∂
∂zi
)
= −√−1 ∂
∂zi
.
Let’s define a Hermitian form h : TCM × TCM → C by
(2.13) h(X,Y ) := g(X,Y ), X, Y ∈ TCM.
By J-invariant property of g,
(2.14) hij := h
(
∂
∂zi
,
∂
∂zj
)
= 0, and hij := h
(
∂
∂zi
,
∂
∂zj
)
= 0
and
(2.15) hij := h
(
∂
∂zi
,
∂
∂zj
)
=
1
2
(
gij +
√−1giJ
)
.
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It is obvious that (hij) is a positive Hermitian matrix. Here, we always use the convention
hji = hij since g is symmetric over TCM . The (transposed) inverse matrix of (hij) is
denoted by (hij), i.e. hiℓ · hkℓ = δik. One can also show that,
(2.16) hij = 2
(
gij −√−1giJ)
From the definition equation (2.13), we see the following well-known relation on TCM :
(2.17) ds2h =
1
2
ds2g −
√−1
2
ω
where ω is the fundamental 2-form associated to the J-invariant metric g:
(2.18) ω(X,Y ) = g(JX, Y ).
In local complex coordinates,
(2.19) ω =
√−1hijdzi ∧ dzj .
In the following, we shall use the components of the complexified curvature tensor R, for
example,
(2.20) Rijkℓ := R
(
∂
∂zi
,
∂
∂zj
,
∂
∂zk
,
∂
∂zℓ
)
,
and in particular we use the following notation for the complexified curvature tensor:
(2.21) Rijkℓ := R
(
∂
∂zi
,
∂
∂zj
,
∂
∂zk
,
∂
∂zℓ
)
.
It is obvious that, the components of (C-linear) complexified curvature tensor have the
same properties as the components of the real curvature tensor. We list some properties
of Rijkℓ for examples:
(2.22) Rijkℓ = −Rjikℓ, Rijkℓ = Rkℓij,
and in particular, the (first) Bianchi identity holds:
(2.23) Rijkℓ +Rikℓj +Riℓjk = 0.
Definition 2.1. Let {ei}2ni=1 be a local orthonormal basis of (TRM,g), the Riemannian
Ricci curvature of (M,g) is
(2.24) Ric(X,Y ) :=
2n∑
i=1
R(ei,X, Y, ei),
and the corresponding Riemannian scalar curvature is
(2.25) s =
2n∑
j=1
Ric(ei, ei).
Lemma 2.2. On an almost Hermitian manifold (M,h), the Riemannian Ricci curvature
of the Riemannian manifold (M,g) satisfies
(2.26) Ric(X,Y ) = hiℓ
[
R
(
∂
∂zi
,X, Y,
∂
∂zℓ
)
+R
(
∂
∂zi
, Y,X,
∂
∂zℓ
)]
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for any X,Y ∈ TRM . The Riemannian scalar curvature is
(2.27) s = 2hijhkℓ
(
2Riℓkj −Rijkℓ
)
.
Proof. See Lemma 7.1 in the Appendix. 
In order to formulate the curvature relations more effectively, we introduce new curvature
notations as following:
Definition 2.3. The Riemannian Ricci tensor can also be extended to TCM , and we
denote the associated (1, 1)-form component by
(2.28) Ric =
√−1Rijdzi ∧ dzj with Rij := Ric
(
∂
∂zi
,
∂
∂zj
)
.
The Hermitian-Ricci curvature of the complexified curvature tensor is
(2.29) RicH =
√−1Rijdzi ∧ dzj, with Rij := hkℓRijkℓ.
The corresponding Hermitian scalar curvature of h is given by
(2.30) sH = h
ijRij.
We also define the Riemannian type scalar curvature as
(2.31) sR = h
iℓhkjRijkℓ.
It is obvious that sH 6= sR in general. Similarly, we can define the third and fourth
Hermitian-Ricci curvatures R(3) and R(4) respectively,
R(3) =
√−1R(3)
ij
dzi ∧ dzj with R(3)
ij
= hkℓRiℓkj,
and
R(4) =
√−1R(4)
ij
dzi ∧ dzj with R(4)
ij
= hkℓRkjiℓ.
It is easy to see that R(3) = R(4).
Corollary 2.4. On an almost Hermitian manifold (M,h), we have
(2.32) Rij = 2
(
hkℓRkjiℓ
)
−Rij
and
(2.33) s = 2hijRij = 4sR − 2sH .
Proof. (2.32) follows from (2.26) and the Bianchi identity (2.23). (2.33) follows from
(2.27). 
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2.2. Curvatures on Hermitian manifolds. Let (M,h, J) be an almost Hermitian man-
ifold. The Nijenhuis tensor NJ : Γ(M,TRM)× Γ(M,TRM)→ Γ(M,TRM) is defined as
(2.34) NJ(X,Y ) = [X,Y ] + J [JX, Y ] + J [X,JY ]− [JX, JY ].
The almost complex structure J is called integrable if NJ ≡ 0 and then we call (M,g, J)
a Hermitian manifold. By Newlander-Nirenberg’s theorem, there exists a real coordinate
system {xi, xI} such that zi = xi + √−1xI are local holomorphic coordinates on M .
Moreover, we have TCM = T
1,0M ⊕ T 0,1M where
T 1,0M = spanC
{
∂
∂z1
, · · · , ∂
∂zn
}
and T 0,1M = spanC
{
∂
∂z1
, · · · , ∂
∂zn
}
.
Let ϕ be a (p, q)-form on (M,g), and
(2.35) ϕ =
1
p!q!
∑
i1,··· ,ip,j1,··· ,jq
ϕi1···ipj1···jqdz
i1 ∧ · · · ∧ dzip ∧ dzj1 ∧ · · · ∧ dzjq ,
where ϕi1···ipj1···jq is skew symmetric in i1, · · · , ip and also skew symmetric in j1, · · · , jq.
The local inner product is defined as
(2.36) |ϕ|2 = 〈ϕ,ϕ〉 = 1
p!q!
hi1ℓ1 · · · hipℓphk1j1 · · · hkqjqϕi1···ipj1···jq · ϕℓ1···ℓpk1···kq .
The norm on Ωp,q(M) is
(2.37) ‖ϕ‖2 = (ϕ,ϕ) =
∫
〈ϕ,ϕ〉ω
n
n!
.
It is well-known that there exists a real isometry ∗ : Ωp,q(M)→ Ωn−q,n−p(M) such that
(2.38) (ϕ,ψ) =
∫
ϕ ∧ ∗ψ,
for ϕ,ψ ∈ Ωp,q(M).
3. Geometry of the Levi-Civita Ricci curvature
3.1. The Levi-Civita connection and Chern connection on (T 1,0M,h).
3.1.1. The induced Levi-Civita connection on (T 1,0M,h). Since T 1,0M is a subbundle of
TCM , there is an induced connection ∇̂ on T 1,0M given by
(3.1) ∇̂ = π ◦ ∇ : Γ(M,T 1,0M) ∇→ Γ(M,TCM ⊗ TCM) π→ Γ(M,TCM ⊗ T 1,0M).
Moreover, ∇̂ is a metric connection on the Hermitian holomorphic vector bundle (T 1,0M,h)
and it is determined by the relations
(3.2) ∇̂ ∂
∂zi
∂
∂zk
:= Γpik
∂
∂zp
and ∇̂ ∂
∂zj
∂
∂zk
:= Γp
jk
∂
∂zp
where
(3.3) Γkij =
1
2
hkℓ
(
∂hjℓ
∂zi
+
∂hiℓ
∂zj
)
, and Γk
ij
=
1
2
hkℓ
(
∂hjℓ
∂zi
− ∂hji
∂zℓ
)
.
The curvature tensor R ∈ Γ(M,Λ2TCM ⊗ T ∗1,0M ⊗ T 1,0M) of ∇̂ is given by
(3.4) R(X,Y )s = ∇̂X∇̂Y s− ∇̂Y ∇̂Xs− ∇̂[X,Y ]s
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for any X,Y ∈ TCM and s ∈ T 1,0M . The curvature tensor R has components
(3.5) Rℓ
ijk
= −
(
∂Γℓik
∂zj
−
∂Γℓ
jk
∂zi
+ ΓsikΓ
ℓ
js
− Γs
jk
Γℓsi
)
and Rℓ
jik
= −Rℓ
ijk
;
(3.6) Rℓijk = −
(
∂Γℓik
∂zj
− ∂Γ
ℓ
jk
∂zi
+ ΓsikΓ
ℓ
sj − ΓsjkΓℓsi
)
;
and
(3.7) Rℓ
ijk
= −
(
∂Γℓ
ik
∂zj
−
∂Γℓ
jk
∂zi
+ Γs
ik
Γℓ
js
− Γs
jk
Γℓ
is
)
.
With respect to the Hermitian metric h on T 1,0M , we use the convention
(3.8) R
••kℓ :=
n∑
s=1
R
s
••khsℓ.
Corollary 3.1 ([40, Proposition 2.1]). We have the following relations:
Rℓijk = R
ℓ
ijk, R
ℓ
ijk
= Rℓ
ijk
,
and
(3.9) Rℓ
ijk
= −
(
∂Γℓik
∂zj
−
∂Γℓ
jk
∂zi
+ ΓsikΓ
ℓ
js
− Γs
jk
Γℓsi − Γℓsi · Γskj
)
= Rℓ
ijk
+ Γℓsi · Γskj.
Next, we define Ricci curvatures and scalar curvatures for (T 1,0M,h, ∇̂).
Definition 3.2. The first Levi-Civita Ricci curvature of the Hermitian vector bundle(
T 1,0M,h, ∇̂
)
is
(3.10) R(1) =
√−1R(1)
ij
dzi ∧ dzj with R(1)
ij
= hkℓRijkℓ
and the second Levi-Civita Ricci curvature of it is
(3.11) R(2) =
√−1R(2)
ij
dzi ∧ dzj with R(2)
ij
= hkℓRkℓij.
The Levi-Civita scalar curvature of ∇̂ on T 1,0M is denoted by
(3.12) sLC = h
ijhkℓRijkℓ.
Similarly, we can define R(3) and R(4) as
R
(3) =
√−1R(3)
ij
dzi ∧ dzj with R(3)
ij
= hkℓRiℓkj,
and
R
(4) =
√−1R(4)
ij
dzi ∧ dzj with R(4)
ij
= hkℓRkjiℓ.
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3.1.2. Curvature of the Chern connection on (T 1,0M,h). On the Hermitian holomorphic
vector bundle (T 1,0M,h), the Chern connection ∇Ch is the unique connection which is
compatible with the complex structure and also the Hermitian metric. The curvature
tensor of ∇Ch is denoted by Θ and its curvature components are
(3.13) Θijkℓ = −
∂2hkℓ
∂zi∂zj
+ hpq
∂hpℓ
∂zj
∂hkq
∂zi
.
It is well-known that the (first) Chern Ricci curvature
(3.14) Θ(1) :=
√−1Θ(1)
ij
dzi ∧ dzj
represents the first Chern class c1(M) of M where
(3.15) Θ
(1)
ij
= hkℓΘijkℓ = −
∂2 log det(hkℓ)
∂zi∂zj
.
The second Chern Ricci curvature Θ(2) =
√−1Θ(2)
ij
dzi ∧ dzj with components
(3.16) Θ
(2)
ij
= hkℓΘkℓij .
The Chern scalar curvature sC of the Chern curvature tensor Θ is defined by
(3.17) sC = h
ijhkℓΘijkℓ.
Similarly, we can define Θ(3) and Θ(4).
The (first) Chern-Ricci curvature Θ(1) represents the first Chern class c1(M), but in
general, the first Levi-Civita Ricci curvature R(1) does not represent a class in H2dR(M)
or H1,1
∂
(M), since it is not d-closed. We shall explore more geometric properties of R(1)
in the following sections.
3.2. Elementary computations on Hermitian manifolds. In this subsection, we re-
call some elementary and well-known computational lemmas on Hermitian manifolds.
Lemma 3.3. Let (M,h) be a compact Hermitian manifold and ω =
√−1hijdzi ∧ dzj .
(3.18) ∂∗ω = −√−1Λ (∂ω) = −2√−1Γk
jk
dzj and ∂
∗
ω =
√−1Λ (∂ω) = 2√−1Γk
ik
dzi.
Proof. By the well-known Bochner formula (e.g. [40]),
[∂
∗
, L] =
√−1 (∂ + τ)
where τ = [Λ, ∂ω], we see ∂
∗
ω =
√−1Λ (∂ω) = 2√−1Γk
ik
dzi. 
Lemma 3.4. Let (M,h, ω) be a Hermitian manifold. For any p ∈ M , there exist local
holomorphic “normal coordinates” {zi} centered at p such that
(3.19) hij(p) = δij and Γ
k
ij(p) = 0.
In particular, at p, we have
(3.20) Γk
ji
=
∂hik
∂zj
= −∂hij
∂zk
.
15
Let T be the torsion tensor of the Hermitian metric ω, i.e.
(3.21) T kij = h
kℓ
(
∂hjℓ
∂zi
− ∂hiℓ
∂zj
)
.
In the following, we shall use the conventions:
(3.22) T ⊡ T := hpqhkℓT
k
ip · T ℓjqdzi ∧ dzj, and T ◦ T := hpqhsthkjhiℓT ksp · T ℓtqdzi ∧ dzj .
It is obvious that the (1, 1)-forms T ◦ T and T ⊡ T are not the same.
Lemma 3.5. At a fixed point p with “normal coordinates” (3.19), we have
(3.23) (T ⊡ T )ij = T
k
ip · T kjp = 4
∑
p,k
∂hpk
∂zi
· ∂hkp
∂zj
and
(3.24) (T ◦ T )ij = T jpq · T ipq = 4
∑
p,q
∂hqj
∂zp
· ∂hiq
∂zp
.
Moreover
trω
(√−1T ⊡ T) = trω (√−1T ◦ T ) = |T |2.
Lemma 3.6. At a fixed point p with “normal coordinates” (3.19), we have the (1, 1) form
(3.25) T ((∂∗ω)#) = −4√−1∂hij
∂zs
∂hℓℓ
∂zs
dzi ∧ dzj ,
where (∂∗ω)# is the dual vector of the (0, 1)-form ∂∗ω.
Proof. Since ∂∗ω = −2√−1Γℓsℓdzs, the corresponding (1, 0) type vector field is
(3.26) (∂∗ω)# = −2√−1hisΓℓsℓ
∂
∂zi
.
The (1, 1) form
(3.27) T ((∂∗ω)#) = −2√−1hkjT kpi
(
hpsΓℓsℓ
)
dzi ∧ dzj = −4√−1
∑
ℓ,s,i,j
∂hij
∂zs
∂hℓℓ
∂zs
dzi ∧ dzj.

Lemma 3.7. At a fixed point p with “normal coordinates” (3.19), we have
∂∂∗ω =
√−1(∂∂∗ω)ijdzi ∧ dzj
where
(3.28) (∂∂∗ω)ij =
∑
q
(
∂2hqj
∂zi∂zq
− ∂
2hqq
∂zi∂zj
)
+
1
2
(T ⊡ T )ij .
Similarly,
∂∂
∗
ω =
√−1(∂∂∗ω)ijdzi ∧ dzj
where
(3.29) (∂∂
∗
ω)ij =
∑
q
(
∂2hiq
∂zq∂zj
− ∂
2hqq
∂zi∂zj
)
+
1
2
(T ⊡ T )ij .
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Proof. Since
∂∗ω = −2√−1Γℓsℓdzs = −
√−1hℓq
(
∂hℓq
∂zs
− ∂hℓs
∂zq
)
dzs,
we have
∂∂∗ω = −√−1hℓq
(
∂2hℓq
∂zi∂zs
− ∂
2hℓs
∂zi∂zq
)
dzi ∧ dzs −√−1∂h
ℓq
∂zi
(
∂hℓq
∂zs
− ∂hℓs
∂zq
)
dzi ∧ dzs
=
√−1
∑
q
(
∂2hqs
∂zi∂zq
− ∂
2hqq
∂zi∂zs
)
dzi ∧ dzs + 2√−1
∑
q,ℓ
∂hqℓ
∂zi
∂hℓq
∂zs
dzi ∧ dzs
=
√−1
∑
q
(
∂2hqs
∂zi∂zq
− ∂
2hqq
∂zi∂zs
)
dzi ∧ dzs +
√−1
2
T ⊡ T .

The following lemmas follow from straightforward computations.
Lemma 3.8. At a fixed point p with “normal coordinates” (3.19), we have
(3.30) Rijkℓ = −
1
2
(
∂2hiℓ
∂zk∂zj
+
∂2hkj
∂zi∂zℓ
)
−
∑
q
∂hqℓ
∂zi
∂hkq
∂zj
,
(3.31)
Rijkℓ = Rijkℓ−
∑
q
∂hqj
∂zk
∂hiq
∂zℓ
= −1
2
(
∂2hiℓ
∂zk∂zj
+
∂2hkj
∂zi∂zℓ
)
−
∑
q
(
∂hqℓ
∂zi
∂hkq
∂zj
+
∂hqj
∂zk
∂hiq
∂zℓ
)
and
(3.32) Θijkℓ = −
∂2hkℓ
∂zi∂zj
+
∑
q
∂hqℓ
∂zj
∂hkq
∂zi
.
Lemma 3.9. At a fixed point p with “normal coordinates” (3.19), we have
(3.33) R
(1)
ij
=
∑
k
Rijkk = −
1
2
∑
k
(
∂2hik
∂zk∂zj
+
∂2hkj
∂zi∂zk
)
− 1
4
(T ⊡ T )ij ;
(3.34) R
(2)
ij
=
∑
k
Rkkij = −
1
2
∑
k
(
∂2hik
∂zk∂zj
+
∂2hkj
∂zi∂zk
)
− 1
4
(T ◦ T )ij ;
(3.35) R
(3)
ij
=
∑
k
Rikkj = −
1
2
∑
k
(
∂2hkk
∂zi∂zj
+
∂2hij
∂zk∂zk
)
+
1
4
(T (∂∗ω)#)ij;
(3.36) R
(4)
ij
=
∑
k
Rkjik = −
1
2
∑
k
(
∂2hkk
∂zi∂zj
+
∂2hij
∂zk∂zk
)
+
1
4
(T (∂∗ω)#)ij.
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Lemma 3.10. At a fixed point p with “normal coordinates” (3.19), we have
R
(1)
kℓ
= R
(2)
kℓ
= −1
2
∑
s
(
∂2hsℓ
∂zk∂zs
+
∂2hks
∂zs∂zℓ
)
−
∑
q,s
(
∂hqℓ
∂zs
∂hkq
∂zs
+
∂hkq
∂zs
∂hqℓ
∂zs
)
= −1
2
∑
s
(
∂2hsℓ
∂zk∂zs
+
∂2hks
∂zs∂zℓ
)
− (T ◦ T )kℓ + (T ⊡ T )kℓ
4
;(3.37)
R
(3)
kℓ
= R
(4)
kℓ
= −1
2
∑
s
(
∂2hkℓ
∂zs∂zs
+
∂2hss
∂zk∂zℓ
)
−
∑
q,s
(
∂hqℓ
∂zk
∂hsq
∂zs
+
∂hqs
∂zs
∂hkq
∂zℓ
)
= −1
2
∑
s
(
∂2hkℓ
∂zs∂zs
+
∂2hss
∂zk∂zℓ
)
+
1
4
(T (∂∗ω)#)ij +
1
4
(T (∂∗ω)#)ij.(3.38)
Lemma 3.11. At a fixed point p with “normal coordinates” (3.19), we have
(3.39) Θ
(1)
ij
= −
∑
q
∂2hqq
∂zi∂zj
+
1
4
(T ⊡ T )ij ;
(3.40) Θ
(2)
ij
= −
∑
q
∂2hij
∂zq∂zq
+
1
4
(T ⊡ T )ij;
(3.41) Θ
(3)
ij
= −
∑
q
∂2hqj
∂zi∂zq
− 1
4
(T ⊡ T )ij;
(3.42) Θ
(4)
ij
= −
∑
q
∂2hiq
∂zq∂zj
− 1
4
(T ⊡ T )ij .
Lemma 3.12. At a fixed point p with “normal coordinates” (3.19), the complexified Ricci
curvature is
Rkℓ =
1
2
∑
s
(
∂2hsℓ
∂zk∂zs
+
∂2hks
∂zs∂zℓ
)
−
∑
s
(
∂2hkℓ
∂zs∂zs
+
∂2hss
∂zk∂zℓ
)
+
∑
q,s
(
∂hqℓ
∂zs
∂hkq
∂zs
+
∂hkq
∂zs
∂hqℓ
∂zs
)
− 2
∑
q,s
(
∂hqℓ
∂zk
∂hsq
∂zs
+
∂hqs
∂zs
∂hkq
∂zℓ
)
(3.43)
=
1
2
∑
s
(
∂2hsℓ
∂zk∂zs
+
∂2hks
∂zs∂zℓ
)
−
∑
s
(
∂2hkℓ
∂zs∂zs
+
∂2hss
∂zk∂zℓ
)
+
(T ◦ T )kℓ + (T ⊡ T )kℓ
4
+
1
2
(T (∂∗ω)#)ij +
1
2
(T (∂∗ω)#)ij .(3.44)
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3.3. Geometry of the first Levi-Civita Ricci curvature.
Definition 3.13. Let M be a compact complex manifold. A Hermitian metric ω on M
is called balanced, if d∗ω = 0. ω is called conformally balanced, if there exists a smooth
function ϕ :M → R and a balanced metric ωB such that ω = eϕωB.
Theorem 3.14. On a compact Hermitian manifold (M,ω), the first Levi-Civita Ricci
form R(1) represents the first Aeppli-Chern class cAC1 (M) in H
1,1
A (M). More precisely,
(3.45) R(1) = Θ(1) − 1
2
(∂∂∗ω + ∂∂
∗
ω).
Moreover,
(1) R(1) is d-closed if and only if ∂∂∂
∗
ω = 0;
(2) if ∂∂∗ω = 0, then R(1) represents the real first Chern class c1(M) ∈ H2dR(M), i.e.
c1(M) = c
AC
1 (M) in H
2
dR(M).;
(3) if ω is conformally balanced, then R(1) represents the first Chern class c1(M) ∈
H1,1
∂
(M) and also the first Bott-Chern class cBC1 (M) ∈ H1,1BC(M);
(4) R(1) = Θ(1) if and only if d∗ω = 0, i.e. (M,ω) is a balanced manifold.
Proof. By formulas (3.39), (3.28), (3.29) and (3.33), we have
Θ
(1)
ij
− 1
2
(∂∂∗ω + ∂∂
∗
ω)ij
= −
∑
q
∂2hqq
∂zi∂zj
+
1
4
(T ⊡ T )ij −
1
2
(∑
q
(
∂2hiq
∂zq∂zj
+
∂2hqj
∂zi∂zq
− 2 ∂
2hqq
∂zi∂zj
)
+ (T ⊡ T )ij
)
= −1
2
∑
q
(
∂2hiq
∂zq∂zj
+
∂2hqj
∂zi∂zq
)
− 1
4
(T ⊡ T )ij
= R
(1)
ij
.
By (3.45), we see R(1) represents the first Aeppli-Chern class cAC1 (M), i.e. [R
(1)] = [Θ(1)]
as classes in H1,1A (M).
Next we prove the properties of R(1).
(1). By (3.45) again, dR(1) = −12
(
∂∂∂∗ω + ∂∂∂
∗
ω
)
. By degree reasons, dR(1) = 0 if
and only if ∂∂∂
∗
ω = 0.
(2). If ∂∂∗ω = 0, we have
R
(1) = Θ(1) − 1
2
(∂∂∗ω + ∂∂
∗
ω) = Θ(1) − 1
2
dd∗ω.
Hence
[
R
(1)
]
=
[
Θ(1)
] ∈ H2dR(M).
(3). If ω is conformally balanced, there exists a smooth function f and a balanced metric
ωf such that ωf = e
fω. We denote by an extra index f the corresponding quantities with
respect to the new metric ωf . The Christoffel symbols of ωf are
(Γf )
k
ij
=
1
2
e−fgkℓ
(
∂(ef gjℓ)
∂zi
− ∂(e
fgji)
∂zℓ
)
= Γk
ij
+
1
2
(
δjkfi − gkℓgjifℓ
)
.
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In particular,
(Γf )
k
ik
= Γk
ik
+
n− 1
2
fi.
By (3.18), we obtain
(3.46) ∂
∗
fωf = ∂
∗
ω +
√−1(n− 1)∂f.
Therefore,
(3.47) ∂∂
∗
fωf = ∂∂
∗
ω − (n − 1)√−1∂∂f and ∂∂∗fωf = ∂∂
∗
ω.
Since ωf is balanced, i.e. ∂
∗
fωf = 0, we obtain
∂∂∗ω + ∂∂
∗
ω = 2(n− 1)√−1∂∂f.
Hence, R(1) = Θ(1) − (n − 1)√−1∂∂f , i.e. [R(1)] = [Θ(1)] ∈ H1,1BC(M). Hence, R(1)
represents the first Chern class c1(M) ∈ H1,1∂ (M) and also the first Bott-Chern class
cBC1 (M) ∈ H1,1BC(M).
(4). R(1) = Θ(1) if and only if ∂∂∗ω + ∂∂
∗
ω = 0. By pairing with ω, we see the latter
is equivalent to d∗ω = 0. 
Example 3.15. In this example, we shall construct a Hermitian metric with strictly
positive R(1), but Θ(1) is not strictly positive. Let M be a Fano manifold with complex
dimension n ≥ 2. By Yau’s theorem, there exists a Ka¨hler metric ω on M such that
R
(1)
ω = Θ
(1)
ω > 0. For any smooth function ϕ, we define ωt = e
tϕω. By (3.15), one can see
(3.48) Θ(1)ωt = Θ
(1)
ω − nt
√−1∂∂ϕ.
Hence, by (3.45) and (3.47),
(3.49) R(1)ωt = R
(1)
ω −
√−1t∂∂ϕ.
Let t0 = sup{t > 0 | Θ(1)ωt = Θ(1)ω − nt
√−1∂∂ϕ ≥ 0}, and t1 := 32t0, then
(3.50) R(1)ωt1
= R(1)ω − t1
√−1∂∂ϕ > 0
but Θ
(1)
ωt1
is not positive definite.
Definition 3.16 ([8]). A compact complex manifold M is said to satisfy the ∂∂-lemma if
the following statement holds: if η is d-exact, ∂-closed and ∂-closed, it must be ∂∂-exact.
In particular, on such manifolds, for any pure-type form ψ ∈ Ωp,q(M), if ψ is ∂-closed and
∂-exact, then it is ∂∂-exact.
It is well-known that all compact Ka¨hler manifolds satisfy the ∂∂-lemma. Moreover, if
µ : M̂ → M is a modification between compact complex manifolds and if the ∂∂-lemma
holds for M̂ , then the ∂∂-lemma also holds for M . In particular, Moishezon manifolds
and also manifolds in Fujiki class C satisfy the ∂∂-lemma. For more details, we refer to
[8, 2, 44, 45] and also the references therein.
In the following, we show on complex manifolds with ∂∂-lemma, the converse of (2) and
(3) in Theorem 3.14 are also true.
Proposition 3.17. Let M be a compact complex manifold on which the ∂∂-lemma holds.
Let ω be a Hermitian metric on M .
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(1) R(1) represents the real first Chern class c1(M) ∈ H2dR(M) if and only if ∂∂∗ω = 0;
(2) R(1) represents the first Chern class c1(M) ∈ H1,1∂ (M) if and only if ω is confor-
mally balanced.
Proof. (1) If
[
R
(1)
]
=
[
Θ(1)
] ∈ H2dR(M), by (3.45),R(1) = Θ(1)−12dd∗ω+12 (∂∂∗ω + ∂∂∗ω),
there exists a 1-form γ such that dγ = ∂∂∗ω+∂∂
∗
ω. The compatibility condition d2γ = 0
implies ∂∂∂∗ω+∂∂∂
∗
ω = 0. Hence ∂∂∂
∗
ω = 0. If we set γ = γ1,0+γ0,1, then ∂γ1,0 = ∂∂
∗
ω.
Therefore, ∂γ1,0 is both d-closed and ∂-exact. By ∂∂-lemma, there exists some η such that
∂γ1,0 = ∂∂η. By degree reasons, ∂γ1,0 = 0, that is ∂∂
∗
ω = 0.
(2). If
[
R
(1)
]
=
[
Θ(1)
] ∈ H1,1
∂
(M), there exits (1, 0)-form τ such that ∂τ = ∂∂∗ω. So
∂τ is both ∂-closed and ∂-exact, hence by ∂∂-lemma, there exists a smooth function ϕ
such that ∂∂∗ω = ∂τ =
√−1∂∂ϕ. By [24], there exists a smooth function f such that
ωf := e
f
n−1ω is a Gauduchon metric, i.e. ∂∂ωn−1f = 0. We use the index f to denote the
operations with respect to the new metric ωf . For example,
‖∂∗fωf‖2f = (∂∂∗fωf , ωf )f .
We can see ∂∂∗fωf = ∂∂
∗ω −√−1∂∂f = √−1∂∂(ϕ− f). Moreover,
(∂∂∗fωf , ωf )f = (
√−1∂∂(ϕ− f), ωf )f =
∫ √−1∂∂(ϕ− f) ∧ ωn−1f
(n− 1)! = 0,
since ωf is a Gauduchon metric. Therefore, ∂
∗
fωf = 0, i.e. ωf is balanced and so ω is
conformally balanced. 
Remark 3.18. By (3.47), a conformally balanced metric ω satisfies ∂∂∗ω = 0. On the
other hand, if H0,1
∂
(M) = 0, then ∂∂∗ω = 0 if and only if ω is conformally balanced. On
the Hopf manifold S2n−1×S1 with n ≥ 2, the canonical metric ω0 satisfies ∂∂∗ω0 = 0, but
it is not conformally balanced.
Corollary 3.19. Let M be a complex manifold. Then
cBC1 (M) = 0 =⇒ c1(M) = 0 =⇒ cAC1 (M) = 0.
Moreover, on a complex manifold satisfying the ∂∂-lemma,
cBC1 (M) = 0⇐⇒ c1(M) = 0⇐⇒ cAC1 (M) = 0.
Proof. The first statement is obvious. For the second statement, we only need to show
that, on a complex manifoldM with ∂∂-lemma if cAC1 (M) = 0, then c
BC
1 (M) = 0. Indeed,
if cAC1 (M) = 0, for a Hermitian metric ω on M ,
Θ(1) = ∂A+ ∂B
where A and B are (0, 1) forms. It is obvious that ∂A is ∂-closed and ∂-exact, and so
by ∂∂-lemma, there exists a smooth function f1 such that ∂A = ∂∂f1. Similarly, there
exists smooth function f2 such that ∂B = ∂∂f2 and so Θ
(1) = ∂∂(f1 − f2). That is
cBC1 (M) = 0. 
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Remark 3.20. It is well-known that S2n−1 × S1 (n ≥ 2) has c1(M) = cAC1 (M) = 0, but
cBC1 (M) 6= 0 (e.g. [50, Example 3.3]). It is also interesting to find a complex manifold N
with cAC1 (N) = 0 but c1(N) 6= 0.
3.4. Hermitian manifolds with nonnegative R(1). In this subsection, we study the
geometry of Hermitian manifolds with nonnegative first Levi-Civita Ricci curvature R(1).
Theorem 3.21. Let (M,h) be a compact Hermitian manifold. If the first Levi-Civita
Ricci curvature R(1) is quasi-positive, then the top intersection number cn1 (M) > 0. In
particular, H2dR(M), H
1,1
∂
(M),H1,1BC(M) and H
1,1
A (M) are all non-zero.
Proof. At first, let’s recall the general theory for vector bundles. Let ∇E be a connection
on the holomorphic vector bundle E. Let r be the rank of E, then there is a naturally
induced connection ∇det(E) on the determine line bundle det(E) = ΛrE,
(3.51) ∇det(E)(s1 ∧ · · · ∧ sr) =
r∑
i=1
s1 ∧ · · · ∧ ∇Esi ∧ · · · ∧ sr.
The curvature tensor of (E,∇E) is denoted by RE ∈ Γ (M,Λ2T ∗M ⊗ End(E)) and the
curvature tensor of (detE,∇det(E)) is denoted by Rdet(E) ∈ Γ (M,Λ2T ∗M) . We have the
relation that
(3.52) trRE = RdetE ∈ Γ(M,Λ2T ∗M).
Note that the trace operator is well-defined without using the metric on E. Moreover,
trRE = RdetE is a d-closed 2-form. By Bianchi identity, we know, for any vector bundle
(F,∇F )
∇F⊗F ∗RF = 0.
In particular, if F is a line bundle, F ⊗ F ∗ = C and ∇F⊗F ∗ = d. Hence d (RdetE) = 0.
On the other hand, by Chern-Weil theory (e.g. [64, Theorem 1.9]), RdetE represents the
real first Chern class c1(E) ∈ H2(M,Z). In fact, let ∇Ch be the Chern connection on the
Hermitian holomorphic line bundle (detE, h), and ΘdetE be the Chern curvature, then by
Chern-Weil theory,
RdetE −ΘdetE = dβ
for some 1-form β. It is well known that the Chern curvature ΘdetE of the Hermitian line
bundle (detE, h) represents the first Chern class c1(E) ∈ H1,1∂ (M).
Now we go back to the setting on the Hermitian manifold (M,ω). Let E = T 1,0M with
Hermitian metric h induced by ω. With respect to the Levi-Civita connection ∇̂ on E,
we have a decomposition
RdetE = η2,0 + η0,2 + η1,1.
It is obvious that
(3.53) η1,1 =
√−1Rk
ijk
dzi ∧ dzj = R(1), and η0,2 = η2,0.
It is also easy to see that η2,0 = −∂∂∗ω. Hence
(3.54)
∫ (
RdetE
)n
=
[n2 ]∑
ℓ=0
(
n
2ℓ
)(
2ℓ
ℓ
)∫
(η2,0 ∧ η2,0)ℓ ∧ (η1,1)n−2ℓ .
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It is obvious that, if η1,1 is quasi-positive,
(3.55)
∫
(η2,0 ∧ η2,0)ℓ ∧ (η1,1)n−2ℓ ≥ 0.
for 1 ≤ ℓ ≤ [n2 ] and ∫ (η1,1)n > 0. That is
(3.56)
∫ (
RdetE
)n
> 0.
We obtain
(3.57)
∫
cn1 (M) =
∫ (
RdetE
)n
> 0.
On the other hand, if H1,1A (M) = 0, we obtain Θ
(1) = ∂B + ∂C for 1-forms B and C, and
so
(3.58)
∫
M
(
Θ(1)
)n
=
∫
M
(∂B + ∂C) ∧
(
Θ(1)
)n−1
= 0,
which is a contradiction to cn1 (M) > 0. The non-vanishing of other cohomology groups
follows immediately from Corollary 3.19. 
Remark 3.22. (1) Note that, in general,
(3.59)
∫
M
(
Θ(1)
)n
6=
∫
M
(
R
(1)
)n
.
(2) When M is in the Fujiki class C and R(1) is strictly positive, then M is a Ka¨hler
manifold ([7, Theorem 0.2]).
3.5. Hypothetical complex structures on S6. Let (M,h) be a Hermitian manifold
with constant Riemannian sectional curvature K, i.e., for any X,Y,Z,W ∈ TRM ,
(3.60) R(X,Y,Z,W ) = K · (g(X,W )g(Y,Z) − g(X,Z)g(Y,W )) .
Therefore, by the complexification process,
Rijkℓ = K · hiℓhkj, Rij = K · hij , and Rijkℓ = Rijkℓ = 0.
In particular, RicH = K · ω. If K > 0, we see from (3.9) that
(3.61) R(1) ≥ RicH = K · ωh > 0.
By Theorem 3.21, c31(M) > 0. Now we get Lebrun’s result that
Corollary 3.23 ([34]). On S6, there is no orthogonal complex structure compatible with
metrics in some small neighborhood of the round metric.
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4. Curvature relations on Hermitian manifolds
4.1. Ricci curvature relations. Let’s recall different types of Ricci curvatures on a
Hermitian manifold (M,ω):
(1) the Levi-Civita Ricci curvatures R(1), R(2), R(3), R(4);
(2) the Chern Ricci curvatures Θ(1), Θ(2), Θ(3), Θ(4);
(3) the Hermitian-Ricci curvature RicH =
√−1Rijdzi ∧ dzj where Rij = hkℓRijkℓ
(which is equal to R(1) and R(2)), the third and fourth Hermitian-Ricci curvatures
R(3) and R(4);
(4) the (1, 1)-component of the complexified Riemannian Ricci curvature, Ric.
In this subsection, we shall explore explicit relations between them by using ω and its
torsion T . We shall prove Theorem 1.12. We also state it as in the following to the
reader’s convenience.
Theorem 4.1. Let (M,ω) be a compact Hermitian manifold.
(1) The Levi-Civita Ricci curvatures are
(4.1) R(1) = Θ(1) − 1
2
(
∂∂∗ω + ∂∂
∗
ω
)
;
(4.2) R(2) = Θ(1) − 1
2
(
∂∂∗ω + ∂∂
∗
ω
)
−
√−1
4
T ◦ T +
√−1
4
T ⊡ T ;
(4.3) R(3) = Θ(1) − 1
2
(√−1Λ (∂∂ω)+ (∂∂∗ω + ∂∂∗ω))+ √−1
4
T ⊡ T +
T ([∂∗ω]#)
4
;
(4.4) R(4) = Θ(1) − 1
2
(√−1Λ (∂∂ω)+ (∂∂∗ω + ∂∂∗ω))+ √−1
4
T ⊡ T +
T ([∂∗ω]#)
4
,
where (∂∗ω)# is the dual vector of the (0, 1)-form ∂∗ω.
(2) The Chern-Ricci curvatures are
(4.5) Θ(2) = Θ(1) −√−1Λ (∂∂ω)− (∂∂∗ω + ∂∂∗ω) +√−1T ⊡ T ;
(4.6) Θ(3) = Θ(1) − ∂∂∗ω;
(4.7) Θ(4) = Θ(1) − ∂∂∗ω.
(3) The Hermitian-Ricci curvatures are
(4.8) RicH = R
(1) = R(2) = Θ(1) − 1
2
(
∂∂∗ω + ∂∂
∗
ω
)
−
√−1
4
T ◦ T ;
R(3) = R(4) = Θ(1) − 1
2
(√−1Λ (∂∂ω)+ (∂∂∗ω + ∂∂∗ω))
+
√−1
4
T ⊡ T +
T ([∂∗ω]#) + T ([∂∗ω]#)
4
.(4.9)
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(4) The (1, 1)-component of the Riemannian Ricci curvature is
Ric = Θ(1) −√−1(Λ∂∂ω)− 1
2
(∂∂∗ω + ∂∂
∗
ω) +
√−1
4
(
2T ⊡ T + T ◦ T )
+
1
2
(
T ([∂∗ω]#) + T ([∂∗ω]#)
)
.(4.10)
Proof. (1). Equation (4.1) is proved in (3.45). By (3.33), (3.34) and (4.1), we see
R
(2) = R(1) −
√−1
4
T ◦ T +
√−1
4
T ⊡ T
= Θ(1) − 1
2
(
∂∂∗ω + ∂∂
∗
ω
)
−
√−1
4
T ◦ T +
√−1
4
T ⊡ T
which proves (4.2). A straightforward computation shows
(4.11)
√−1Λ(∂∂ω) = √−1
∑
q
[(
∂hij
∂zq∂zq
+
∂hqq
∂zi∂zj
)
−
(
∂hiq
∂zq∂zj
+
∂2hqj
∂zi∂zq
)]
dzi∧dzj.
If we write
Θ(1) − 1
2
(√−1Λ (∂∂ω)+ (∂∂∗ω + ∂∂∗ω))+ √−1
4
T ⊡ T :=
√−1Bijdzi ∧ dzj ,
by using formulas (3.39), (4.11), (3.28) and (3.29), we obtain
Bij = −
∑
q
∂2hqq
∂zi∂zj
− 1
2
∑
q
[(
∂hij
∂zq∂zq
+
∂hqq
∂zi∂zj
)
−
(
∂hiq
∂zq∂zj
+
∂2hqj
∂zi∂zq
)]
−1
2
∑
q
(
∂2hiq
∂zq∂zj
+
∂2hqj
∂zi∂zq
− 2 ∂
2hqq
∂zi∂zj
)
= −1
2
∑
q
(
∂2hqq
∂zi∂zj
+
∂2hij
∂zq∂zq
)
.
By formula (3.35), we obtain (4.3). The proof of formula (4.4) follows from (3.36), (3.35)
and (4.3).
(2). For Chern-Ricci curvature relations, we use similar computations. For example, if
we write
Θ(1) −
(√−1Λ (∂∂ω)+ (∂∂∗ω + ∂∂∗ω))+√−1T ⊡ T := √−1Cijdzi ∧ dzj,
by using formulas (3.39), (4.11), (3.28) and (3.29), we obtain
Cij = −
∑
q
∂2hqq
∂zi∂zj
−
∑
q
[(
∂hij
∂zq∂zq
+
∂hqq
∂zi∂zj
)
−
(
∂hiq
∂zq∂zj
+
∂2hqj
∂zi∂zq
)]
−
∑
q
(
∂2hiq
∂zq∂zj
+
∂2hqj
∂zi∂zq
− 2 ∂
2hqq
∂zi∂zj
)
+
1
4
(
T ⊡ T
)
ij
= −
∑
q
∂2hij
∂zq∂zq
+
1
4
(
T ⊡ T
)
ij
.
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By formula (3.40), we obtain (4.5). Formula (4.6) follows from (3.39), (3.41) and (3.28).
Formula (4.7) follows from (3.39), (3.42) and (3.29).
(3). For Hermitian-Ricci curvatures, by (3.37) and (3.33), we see
R(1) = R(2) = R(1) −
√−1
4
T ◦ T .
Therefore, (4.8) follows from (4.1). Similarly, by (3.38), (3.35) and (4.3), we obtain (4.9).
(4). If we write
Θ(1) −
(√−1Λ (∂∂ω)+ 1
2
(∂∂∗ω + ∂∂
∗
ω)
)
:=
√−1Fijdzi ∧ dzj ,
by using formulas (3.39), (4.11), (3.28) and (3.29), we obtain
Fij = −
∑
q
∂2hqq
∂zi∂zj
−
∑
q
[(
∂hij
∂zq∂zq
+
∂hqq
∂zi∂zj
)
−
(
∂hiq
∂zq∂zj
+
∂2hqj
∂zi∂zq
)]
−1
2
∑
q
(
∂2hiq
∂zq∂zj
+
∂2hqj
∂zi∂zq
− 2 ∂
2hqq
∂zi∂zj
)
− 1
4
(
T ⊡ T
)
ij
=
1
2
∑
q
(
∂2hqj
∂zi∂zq
+
∂2hiq
∂zq∂zj
)
−
∑
q
(
∂2hij
∂zq∂zq
+
∂2hqq
∂zi∂zj
)
− 1
4
(
T ⊡ T
)
ij
.
By (3.44), we obtain (4.10). 
4.2. Scalar curvature relations. On a Hermitian manifold (M,ω), we can define five
different types of scalar curvatures:
(1) s, the scalar curvature of the background Riemannian metric;
(2) sR = h
ilhkjRijkℓ, the Riemannian type scalar curvature;
(3) sH = h
ijhkℓRijkℓ, the scalar curvature of the Hermitian curvature;
(4) sLC = h
ijkℓ
Rijkℓ, the scalar curvature of the Levi-Civita connection;
(5) sC = h
ijhkℓΘijkℓ, the scalar curvature of the Chern connection.
By Theorem 4.1, we get the corresponding scalar curvature relations:
Corollary 4.2. Let (M,ω) be a compact Hermitian manifold, then
(4.12) s = 2sC +
(
〈∂∂∗ω + ∂∂∗ω, ω〉 − 2|∂∗ω|2
)
− 1
2
|T |2,
(4.13) sLC = sC − 1
2
〈∂∂∗ω + ∂∂∗ω, ω〉 = sC − 〈∂∂∗ω, ω〉,
(4.14) sH = sC − 1
2
〈∂∂∗ω + ∂∂∗ω, ω〉 − |T |
2
4
,
and
(4.15) sR = sC − 1
2
|∂∗ω|2 − 1
4
|T |2.
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Proof. By (2.33), we know s = 2hijRij . By (4.10),
s = 2sC −
〈
2
√−1(Λ∂∂ω), ω〉− 〈∂∂∗ω + ∂∂∗ω, ω〉+ 3|T |2
2
− 2|∂∗ω|2,
where we use the fact that trωT ([∂
∗ω]#) = −|∂∗ω|2(see (3.25)). By (4.5), we have
(4.16) |T |2 = 〈√−1Λ∂∂ω, ω〉+ 〈∂∂∗ω + ∂∂∗ω, ω〉,
we get (4.12). (4.13) and (4.14) follow from (4.1) and (4.8) respectively. For (4.15), it
follows from (4.12), (4.13) and the fact that s = 4sR − 2sH . 
Remark 4.3. Note that we can also define the scalar curvatures as
trωR
(3), trωΘ
(3) and trωR
(3)
The corresponding scalar curvature relations follow immediately from formulas (4.3), (4.6)
and (4.9). More precisely, we obtain
(4.17) trωR
(3) = trωR
(4) = sC − 1
4
|T |2 − 1
4
|∂∗ω|2;
(4.18) trωΘ
(3) = trωΘ
(4) = sC − 〈∂∂∗ω, ω〉 = sLC ;
and
(4.19) trωR
(3) = trωR
(4) = sC − 1
4
|T |2 − 1
2
|∂∗ω|2 = sR.
Corollary 4.4. Let (M,ω) be a compact Hermitian manifold. Then the following are
equivalent:
(1) (M,ω) is Ka¨hler;
(2)
∫
s · ωn =
∫
2sC · ωn;
(3)
∫
sC · ωn =
∫
sR · ωn;
(4)
∫
sC · ωn =
∫
sH · ωn;
(5)
∫
sH · ωn =
∫
sLC · ωn.
Corollary 4.5. Let (M,ω) be a compact Hermitian manifold. Then the following are
equivalent:
(1) (M,ω) is balanced;
(2)
∫
s · ωn =
∫
2sR · ωn;
(3)
∫
s · ωn =
∫
2sH · ωn;
(4)
∫
sC · ωn =
∫
sLC · ωn;
(5)
∫
sR · ωn =
∫
sH · ωn.
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5. Special metrics on Hermitian manifolds
Before discussing special metrics on Hermitian manifolds, we need the following obser-
vation which is the integral version of (4.16). We assume dimCM = n ≥ 3.
Proposition 5.1. On a compact Hermitian manifold (M,ω), for any 1 ≤ k ≤ n− 1, we
have
(5.1)
∫ √−1∂ω ∧ ∂ω ∧ ωn−3
(n− 3)! = ‖∂
∗ω‖2 − ‖∂ω‖2,
and
(5.2)
∫ √−1ωn−k−1 ∧ ∂∂ωk = (n− 3)!k(n − k − 1) (‖∂ω‖2 − ‖∂∗ω‖2) .
Proof. At first, it is easy to see
(5.3) ∂∂ωk = kωk−1∂∂ω + k(k − 1)ωk−2∂ω ∧ ∂ω.
On the other hand, the (1, 2)-form α := ∂ω − LΛ∂ω
n−1 is primitive, i.e. Λα = 0. Hence, by
[59, Proposition 6.29],
(5.4) ∗ (α) = (−1) 3(3+1)2 (√−1)1−2 L
n−3
(n− 3)!α = −
√−1ω
n−3 ∧ α
(n− 3)! .
Therefore
(5.5)
(
∂ω, ∂ω − LΛ∂ω
n− 1
)
= (∂ω, α) =
∫
∂ω ∧ ∗(α) = −
∫ √−1∂ω ∧ α ∧ ωn−3
(n− 3)! .
In particular, we have∫ √−1∂ω ∧ ∂ω ∧ ωn−3
(n− 3)! = −
(
∂ω, ∂ω − LΛ∂ω
n− 1
)
+
∫ √−1∂ω ∧ LΛ∂ω
n− 1 ∧
ωn−3
(n − 3)!
= −‖∂ω‖2 + ‖Λ∂ω‖
2
n− 1 +
∫ √−1∂ω ∧ Λ∂ω
n− 1 ∧
ωn−2
(n− 3)! .
Form (3.18), ∂∗ω = −√−1Λ∂ω, we have∫ √−1∂ω ∧ Λ∂ω
n− 1 ∧
ωn−2
(n− 3)!
=
1
(n− 1)2
∫
∂∗ω ∧ ∂ω
n−1
(n− 3)! =
n− 2
n− 1
∫
∂∂∗ω ∧ ω
n−1
(n− 1)!
=
n− 2
n− 1(∂∂
∗ω, ω) =
n− 2
n− 1‖∂
∗ω‖2.
Therefore
(5.6)
∫ √−1∂ω ∧ ∂ω ∧ ωn−3
(n− 3)! = ‖∂
∗ω‖2 − ‖∂ω‖2.
From integration by parts, we also get
(5.7)
∫ √−1∂∂ω ∧ ωn−2
(n− 2)! = ‖∂ω‖
2 − ‖∂∗ω‖2.
Hence (5.2) follows from (5.3), (5.6) and (5.7). 
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Corollary 5.2. We have the follow relation on a compact Hermitian manifold (M,ω)
(5.8)
∫
sR · ω
n
n!
=
∫
sLC · ω
n
n!
− 1
(n− 3)!2k(n − k − 1)
∫ √−1ωn−k−1 ∧ ∂∂ωk.
Proof. It follows from Corollary 4.2 and formula (5.2). 
Fu-Wang-Wu defined in [18] that a Hermitian metric ω satisfying
(5.9)
√−1ωn−k−1 ∧ ∂∂ωk = 0, 1 ≤ k ≤ n− 1
is called a k-Gauduchon metric. It is obvious that (n−1)-Gauduchon metric, i.e. ∂∂ωn−1 =
0 is the original Gauduchon metric. It is well-known that, Hopf manifolds S2n+1×S1 can
not support Hermitian metrics with ∂∂ω = 0 (SKT) or d∗ω = 0 (balanced). They showed
in [18] that on S5 × S1, there exists a 1-Gauduchon metric ω, i.e. ω ∧ ∂∂ω = 0.
As a straightforward application of Proposition 5.1, we obtain:
Corollary 5.3. If (M,ω) is k-Gauduchon (1 ≤ k ≤ n−2) and also balanced, then (M,ω)
is Ka¨hler.
This is also true in the “conformal” setting:
Corollary 5.4. On a compact complex manifold, the following are equivalent:
(1) (M,ω) is conformally Ka¨hler;
(2) (M,ω) is conformally k-Gauduchon for 1 ≤ k ≤ n− 2, and conformally balanced;
In particular, the following are also equivalent:
(3) (M,ω) is Ka¨hler;
(4) (M,ω) is k-Gauduchon for 1 ≤ k ≤ n− 2, and conformally balanced;
(5) (M,ω) is conformally balanced and Λ2(∂∂ω) = 0.
Proof. We first show (2) implies (1). Since ω is conformally balanced, ω = eFωB for
a balanced metric ωB and a smooth function F ∈ C∞(M,R). By the conformally k-
Gauduchon condition, we know there exists F˜ ∈ C∞(M,R) and a k-Gauduchon metric
ωG such that ω = e
F˜ωG. Let f = F − F˜ , then ωG = efωB . Since ωG is k-Gauduchon,(
efωB
)n−k−1
∧ ∂∂
(
efωB
)k
= 0,
and we obtain
(5.10) ωn−k−1B ∧ ∂∂(efωB)k = 0.
Claim: If a balanced metric ωB satisfies (5.10), then f is a constant and ωB is Ka¨hler.
Since ωB is balanced, i.e., ∂ω
n−1
B = ∂ω
n−1
B = 0, we see ω
n−k−1
B ∧ ∂ωkB = 0. From (5.10),
we get
(5.11) ekfωn−k−1B ∧ ∂∂ωkB + ωn−1B ∧ ∂∂
(
ekf
)
= 0.
Hence,
(5.12)
∫
M
ekf · ωn−k−1B ∧ ∂∂ωkB = −
∫
M
ωn−1B ∧ ∂∂
(
ekf
)
= 0.
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Using integration by parts and the balanced condition ωn−k−1B ∧ ∂ωkB = 0, we obtain
0 = −√−1
∫
M
ekf · ωn−k−1B ∧ ∂∂ωkB
=
√−1k(n− k − 1)
∫
M
ekfωn−3B ∂ωB ∧ ∂ωB
=
√−1k(n− k − 1)(n− 3)!
∫
M
e
kf
2 ∂ωB ∧
(
e
kf
2 ∂ωB ·
ωn−3B
(n− 3)!
)
= −k(n− k − 1)(n − 3)!‖ekf2 ∂ωB‖2B ,
and so ∂ωB = 0, i.e. ωB is Ka¨hler. Note that, in the last step we use the fact that e
kf
2 ∂ωB
is primitive, i.e.
Λ
(
e
kf
2 ∂ωB
)
= e
kf
2 Λ∂ωB =
√−1ekf2 ∂∗ωB = 0,
where the norm ‖ • ‖B , ∂∗ and the contraction Λ are taken with respect to ωB. From
(5.11), we see that f must be constant if ωB is Ka¨hler. The proof of the claim is complete.
We know ω is conformally Ka¨hler.
The equivalence of (4) and (3) follows from the proof of the claim in the last paragraph
under the condition ω = ωG, i.e. F˜ = 0 and f = F . Next we show (5) implies (3). In
fact, if ω is conformally balanced, i.e. ω = efωB for some balanced metric ωB and smooth
function f ∈ C∞(M,R), the condition Λ2∂∂ω = 0 implies
Λ2B∂∂
(
efωB
)
= 0
where ΛB is the contraction operator with respect to ωB. By duality, we have
0 =
∫
M
∂∂(efωB) ∧ ωn−2B =
∫
M
efωB ∧ ∂∂ωn−2B .
As similar as the proof in the last paragraph, we obtain both ω and ωB are Ka¨hler. 
6. Levi-Civita Ricci-flat and constant negative scalar curvature metrics on Hopf
manifolds
In this section, we construct special Hermitian metrics on non-Ka¨hler manifolds related
to Hopf manifolds. More precisely,
(1) We construct explicit Levi-Civita Ricci-flat metrics on S2n−1 × S1;
(2) We construct a smooth family of explicit Hermitian metrics hλ with λ ∈ (−1,+∞)
on S2n−1 × S1 such that their Riemannian scalar curvature are constants and
vary from a positive constant to −∞. In particular, we obtain Hermitian metrics
with negative constant Riemannian scalar curvature on Hermitian manifolds with
c1 ≥ 0;
(3) We construct pluriclosed metrics on the projective bundles over S2n−1 × S1.
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6.1. Levi-Civita Ricci-flat metrics on Hopf manifolds. Let’s recall an example in
[40, Section 6]. LetM = S2n−1×S1 be the standard n-dimensional (n ≥ 2) Hopf manifold.
It is diffeomorphic to Cn−{0}/G where G is cyclic group generated by the transformation
z → 12z. It has an induced complex structure from Cn − {0}. On M , there is a natural
induced metric ω0 given by
(6.1) ω0 =
√−1hijdzi ∧ dzj =
4δij
|z|2 dz
i ∧ dzj.
For the reader’s convenience, we include some elementary computations:
∂hkℓ
∂zi
= −4δkℓz
i
|z|4 ,
∂hkℓ
∂zj
= −4δkℓz
j
|z|4
and
∂2hkℓ
∂zi∂zj
= −4δkℓ
δij |z|2 − 2zizj
|z|6 .
Similarly, we have
Γℓik =
1
2
hℓq
(
∂hiq
∂zk
+
∂hkq
∂zi
)
= −δiℓz
k + δkℓz
i
2|z|2 ,
Γℓ
jk
=
1
2
hℓq
(
∂hkq
∂zj
− ∂hkj
∂zq
)
=
δjkz
ℓ − δkℓzj
2|z|2 ,
and
∂Γℓik
∂zj
= −δkℓδij + δiℓδjk
2|z|2 +
δiℓz
jzk + δkℓz
jzi
2|z|4 ,
∂Γℓ
jk
∂zi
=
δjkδiℓ − δkℓδij
2|z|2 −
(δjkz
ℓ − δkℓzj)zi
2|z|4 .
The curvature components of R are
(6.2)
Rijkℓ = −hpℓ
(
∂Γpik
∂zj
−
∂Γp
jk
∂zi
+ ΓsikΓ
p
js
− Γs
jk
Γpsi
)
=
3δiℓδjk
|z|4 −
2δiℓz
jzk + 2δjkz
ℓzi − δijzkzℓ
|z|6 .
The complexified curvature components are
(6.3) Rijkℓ = Rijkℓ + hpℓΓ
p
siΓ
s
kj
=
2δiℓδjk
|z|4 −
δiℓz
jzk + δjkz
ℓzi
|z|6 .
The Chern curvature components are
(6.4) Θijkℓ = −
∂2hkℓ
∂zi∂zj
+ hpq
∂hkq
∂zi
∂hpℓ
∂zj
=
4δkl(δij |z|2 − zjzi)
|z|6 .
As consequences (see also [40]),
(6.5) Θ(1) = −√−1∂∂ log det(h) = n · √−1∂∂ log |z|2, Θ(2) = n− 1
4
ωh;
(6.6) R(1) =
√−1∂∂ log |z|2, R(2) = 4− n
4
· √−1∂∂ log |z|2 + n− 1
16
ωh;
(6.7) RicH =
√−1
2
∂∂ log |z|2;
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(6.8) Ric =
n− 1
2
· √−1∂∂ log |z|2 + n− 1
8
ωh
and
(6.9) sR =
n2 − n
8
, sH =
n− 1
8
, s =
(2n− 1)(n − 1)
4
, sLC =
n− 1
4
, sC =
n(n− 1)
4
.
Remark 6.1. Let M = S2n−1 × S1 with n ≥ 2.
(1) Since ∂ log |z|2 is a globally defined (1, 0) form on M , one can see from (6.5) that
c1(M) = 0, c
AC
1 (M) = 0, but c
BC
1 (M) 6= 0. In particular, the canonical line bundle
is topologically trivial but not holomorphically trivial;
(2) Since the Chern scalar curvature sC =
n(n−1)
4 , one can see that, H
0(M,mKM ) = 0
for any integer m ≥ 1. In particular, the Kodaira dimension of M is −∞, and so
KM is not a torsion line bundle;
(3) The canonical metric ωh satisfies ∂∂
∗ωh = 0, but it is well-known that M can not
support any balanced metric;
(4) ∂∂-lemma does not hold on M ;
(5) From the semi-positive (1, 1) form Θ(1), we get (Θ(1))n = 0 and so the top intersec-
tion number cn1 (M) = 0. By Theorem 3.21, M can not admit a Hermitian metric
with quasi-positive Hermitian-Ricci curvature. Moreover, the quasi-positive cur-
vature condition in Theorem 3.21 can not be replaced by nonnegative curvature
condition.
Next we construct explicit Levi-Civita Ricci-flat Hermitian metrics on all Hopf manifolds
and prove Theorem 1.5.
Theorem 6.2. Let
(6.10) ω˜ = ω0 − 4
n
R
(1)(ω0),
then the first Levi-Civita Ricci curvature of ω˜ is zero, i.e.
(6.11) R(1)(ω˜) = 0.
Proof. We consider the perturbed metric
(6.12) ω˜ = ω0 + 4λR
(1)(ω0), with λ > −1,
where we know form (6.7) that R(1)(ω0) =
√−1∂∂ log |z|2. That is
h˜ij =
4
|z|2
(
(1 + λ)δij − λz
izj
|z|2
)
, and h˜ij =
|z|2
4
(
δij
1 + λ
+
λzizj
(1 + λ)|z|2
)
.
Moreover,
∂h˜ij
∂zℓ
=
8λzjzℓzi
|z|6 −
4(1 + λ)δijz
ℓ + 4λδiℓz
j
|z|4 and
∂h˜ij
∂zℓ
− ∂h˜iℓ
∂zj
=
4(δiℓz
j − δijzℓ)
|z|4 .
The Christoffel symbols of h˜ are
Γ˜i
ji
=
1
2
h˜iℓ
(
∂h˜iℓ
∂zj
− ∂h˜ij
∂zℓ
)
= − (n− 1)z
j
2|z|2(1 + λ) ,
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and
∂∗ω˜ = −2√−1Γ˜i
ji
dzj =
√−1n− 1
1 + λ
∂ log |z|2, and ∂∂
∗ω˜ + ∂∂
∗
ω˜
2
=
n− 1
1 + λ
·√−1∂∂ log |z|2,
where the adjoint operators ∂
∗
and ∂∗ are taken with respect to the new metric ω˜. Finally,
since det(h˜ij) = (1 + λ)
n−14n|z|−2n, we obtain
Θ(1)(ω˜) = −√−1∂∂ log det h˜ij = n ·
√−1∂∂ log |z|2,
and by Theorem 1.2,
R
(1)(ω˜) = Θ(1)(ω˜)− ∂∂
∗ω˜ + ∂∂
∗
ω˜
2
=
(
n− n− 1
1 + λ
)
· √−1∂∂ log |z|2.
Now it is obvious that when λ = − 1
n
, R(1)(ω˜) = 0. 
Remark 6.3. By using the same ideas and also the Ricci curvature relations in Section 4,
one can construct various “Einstein metrics” by using different Ricci curvatures introduced
in the previous sections.
6.2. Hermitian metrics of constant negative scalar curvatures on Hopf mani-
folds. Using the same setting as in Theorem 6.2, we let
(6.13) ω˜ = ω0 + 4λR
(1)(ω0), with λ > −1.
Hence, the Chern scalar curvature of ω˜ is
(6.14) s˜C = 〈Θ(1)(ω˜), ω˜〉 = 〈n ·
√−1∂∂ log |z|2, ω˜〉 = n(n− 1)
4(1 + λ)
.
On the other hand, as computed in Theorem 6.2.
(6.15) 〈∂∂∗ω˜ + ∂∂∗ω˜, ω˜〉 = 2
〈
n− 1
1 + λ
· √−1∂∂ log |z|2, ω˜
〉
=
(n− 1)2
2(1 + λ)2
.
Similarly,
(6.16) |∂∗ω˜|2 = (n− 1)
2
4(1 + λ)2
,
where the norms are taken with respect to the new metric ω˜. Moreover, for the torsion T˜
of ω˜, it is
T˜mℓj = h˜
ms
(
∂h˜js
∂zℓ
− ∂h˜ℓs
∂zj
)
=
δmℓz
j − δmjzℓ
(1 + λ)|z|2
and so
(6.17) |T˜ |2 = h˜mn · h˜ji · h˜ℓk · T˜mℓj · T˜ nki =
n− 1
2(1 + λ)2
.
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Finally, by the scalar curvature relation formula (4.12), we see the Riemannian scalar
curvature s˜ of ω˜ is
s˜ = 2s˜C +
(
〈∂∂∗ω˜ + ∂∂∗ω˜, ω˜〉 − 2|∂∗ω˜|2
)
− 1
2
|T˜ |2
= 2s˜C − 1
2
|T˜ |2
=
n(n− 1)
2(1 + λ)2
[
λ− 1− 2n
2n
]
.(6.18)
It is easy to see that when λ ∈ (−1,∞),
(6.19) s˜ ∈ (−∞, n
2(n− 1)
4
]
.
More precisely, when λ = 1−n
n
, s˜ = n
2(n−1)
4 . Hence, for the smooth family of Hermitian
metrics ω˜ = ω0 + 4λR
(1)(ωh), with λ > −1,
(1) λ > 1−2n2n , ω˜ has positive constant Riemannian scalar curvature s˜;
(2) when λ = 1−2n2n , ω˜ has constant zero Riemannian scalar curvature s˜;
(3) when −1 < λ < 1−2n2n , ω˜ has negative constant Riemannian scalar curvature s˜.
Note also that when λ→ −1, s˜→ −∞.
Theorem 6.4. For any n ≥ 2, there exists an n-dimensional compact complex manifold
X with c1(X) ≥ 0, such that X admits three different Gauduchon metrics ω1, ω2 and
ω3 with the following properties.
(1) [ω1] = [ω2] = [ω3] ∈ H1,1A (X);
(2) they have the same semi-positive Chern-Ricci curvature, i.e.
Θ(1)(ω1) = Θ
(1)(ω2) = Θ
(1)(ω3) ≥ 0;
(3) they have constant positive Chern scalar curvatures.
Moreover,
(1) ω1 has positive constant Riemannian scalar curvature;
(2) ω2 has zero Riemannian scalar curvature;
(3) ω3 has negative constant Riemannian scalar curvature.
Proof. Let Y = S3 × S1 and ω0 the canonical metric. It is easy to see that ∂∂ω0 = 0, i.e.
ω0 is a Gauduchon metric. Indeed,
∂∂ω0 = ∂
(
− 4z
ℓ
|z|4 dz
ℓ ∧ dzi ∧ dzi
)
=
(
−4δkℓ|z|4 +
8zkzℓ
|z|6
)
dzk ∧ dzℓ ∧ dzi ∧ dzi = 0
since the complex dimension of Y is 2. As in the previous paragraph, let
(6.20) ωλ := ω0 + 4λR
(1)(ω0) = ω0 + 4
√−1λ∂∂ log |z|2, with λ > −1.
Hence [ωλ] = [ω0] ∈ H1,1A (Y ) for any λ > −1, and ωλ are all Gauduchon metrics. On the
other hand, ωλ has first Chern-Ricci curvature
Θ(1)(ωλ) = 2
√−1∂∂ log |z|2 ≥ 0.
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The Chern scalar curvature are
(6.21) sC(ωλ) =
1
2(1 + λ)
> 0
since λ > −1. Since n = 2, by formula (6.18), the Riemannian scalar curvature of ωλ is
(6.22) s(ωλ) =
1
(1 + λ)2
[
λ+
3
4
]
.
Therefore
(1) λ > −34 , ωλ has positive constant Riemannian scalar curvature;
(2) when λ = −34 , ωλ has constant zero Riemannian scalar curvature;
(3) when −1 < λ < −34 , ωλ has negative constant Riemannian scalar curvature.
Therefore, in dimension 2, Theorem 6.4 is proved.
For higher dimensional cases, let (Z,ωZ) be any compact Ka¨hler manifold with zero
(Chern) scalar curvature. For example we can take (Z,ωZ) as the standard (n − 2)-
torus (Tn−2, ωT). Hence the background Riemannian metric has zero Riemannian scalar
curvature. Let X be the product manifold Y ×Z, and ωX the product metric of ωZ and ωλ.
It is obvious that (X,ωX) is a Gauduchon metric with semi-positive Chern-Ricci curvature
and positive constant Chern scalar curvature. Moreover, the Riemannian scalar curvature
of ωX equals the Riemannian scalar curvature of ωλ thanks to the product structure. 
6.3. Pluriclosed metrics on the projective bundles over Hopf manifolds. Let
M = S2n−1 × S1 with n ≥ 2, and E = T 1,0M . Suppose X = P(E∗) and L = OP(E∗)(1) is
the tautological line bundle of the fiber bundle π : X →M . By the adjunction formula,
(6.23) KX = L
−n ⊗ π∗ (KM ⊗ detE)
we see
(6.24) KX = L
−n.
It is obvious, when restricted to the fiber Xs := P(E
∗
s )
∼= Pn−1, KX |Xs ∼= OPn−1(−n).
Hence, KX is not topologically trivial and moreover, c1(X) ≥ 0. However, by a straight-
forward calculation we see c2n−11 (X) = 0 where dimCX = 2n − 1. In fact, as described
in [38], there is a natural Hermitian metric g on L induced by the Hermitian metric ωh
on E = T 1,0M . Since the Chern curvature tensor of (E = T 1,0M,h) is Griffiths-semi-
positive (see formula (6.4), or [40, Proposition 6.1]), the curvature (1, 1)-form Θg of (L, g)
is semi-positive and strictly positive on each fiber. We can see that (Θωh)
2n−1 = 0 and so
c2n−11 (X) = 0. It is easy to see that the Chern scalar curvature of X is strictly positive,
i.e.
n · trgΘg > 0.
Hence, H0(X,mKX) = 0 for any integer m > 0. Now we summarize the discussion as
follows.
Proposition 6.5. Let M = S2n−1×S1 with n ≥ 2, and E = T 1,0M . Suppose X = P(E∗).
(1) K−1X admits a Hermitian metric with semi-positive Chern curvature;
(2) K−1X is not topologically trivial, i.e. c1(X) 6= 0. Moreover, c1(X) ≥ 0, but
c2n−11 (X) = 0;
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(3) H0(X,mKX ) = 0 for any integer m > 0.
Next we consider a more general setting. Suppose n ≥ 2 and k ≥ 1. Let Mn = S2n−1 ×
S
1. Ek = T
1,0Mn ⊕ · · · ⊕ T 1,0Mn︸ ︷︷ ︸
k copies
and Xn,k = P(E
∗
k) → Mn. Since π : Xn,k → Mn is
a proper holomorphic submersion and Mn can not admit any balanced metric, by [42,
Proposition 1.9], Xn,k can not support balanced metrics. In particular, Xn,k is not in the
Fujiki class C . On the other hand, we consider a special case π : X2,k →M2. It is obvious
that Ek has an induced Hermitian metric with Griffiths-semi-positive curvature. Let F
be the tautological line bundle of X2,k → M2. The induced Hermitian metric on F has
semi-positive curvature tensor ΘF which is also strictly positive on each fiber. Now we can
construct a family of Hermitian metrics ω with ∂∂ω = 0 on X2,k. Let ω0 be the canonical
metric (6.1) on M2 = S
3 × S1, and it is obvious that ∂∂ω0 = 0. Then for any λ > 0,
(6.25) ω := π∗(ω0) + λΘF
is a Hermitian metric on X2,k. Moreover, it satisfies ∂∂ω = 0.
Proposition 6.6. Suppose n ≥ 2 and k ≥ 1. LetMn = S2n−1×S1. Ek = T 1,0Mn ⊕ · · · ⊕ T 1,0Mn︸ ︷︷ ︸
k copies
and Xn,k = P(E
∗
k). Then
(1) Xn,k can not support any balanced metric;
(2) X2,k admits a Hermitian metric ω with ∂∂ω = 0.
7. Appendix: the Riemannian Ricci curvature and ∗-Ricci curvature
In this appendix, we provide more details on the complexification of Riemannian Ricci
curvatures on almost Hermitian manifolds.
7.1. The Riemannian Ricci curvature.
Lemma 7.1. On an almost Hermitian manifold (M,h), the Riemannian Ricci curvature
of the background Riemannian manifold (M,g) satisfies
(7.1) Ric(X,Y ) = hiℓ
[
R
(
∂
∂zi
,X, Y,
∂
∂zℓ
)
+R
(
∂
∂zi
, Y,X,
∂
∂zℓ
)]
for any X,Y ∈ TRM . The Riemannian scalar curvature of (M,g) is
(7.2) s = 2hijhkℓ
(
2Riℓkj −Rijkℓ
)
.
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Proof. For any X,Y ∈ TRM , by using real coordinates {xi, xI} and the relations (2.7),
(2.11), (2.15) and (2.16), one can see:
Ric(X,Y )
= giℓR
(
∂
∂xi
,X, Y,
∂
∂xℓ
)
+ giLR
(
∂
∂xi
,X, Y,
∂
∂xL
)
+gIℓR
(
∂
∂xI
,X, Y,
∂
∂xℓ
)
+ gILR
(
∂
∂xI
,X, Y,
∂
∂xL
)
= giℓR
(
∂
∂zi
+
∂
∂zi
,X, Y,
∂
∂zℓ
+
∂
∂zℓ
)
+
√−1giLR
(
∂
∂zi
+
∂
∂zi
,X, Y,
∂
∂zℓ
− ∂
∂zℓ
)
+
√−1gIℓR
(
∂
∂zi
− ∂
∂zi
,X, Y,
∂
∂zℓ
+
∂
∂zℓ
)
− gILR
(
∂
∂zi
− ∂
∂zi
,X, Y,
∂
∂zℓ
− ∂
∂zℓ
)
= 2giℓ
[
R
(
∂
∂zi
,X, Y,
∂
∂zℓ
)
+R
(
∂
∂zi
,X, Y,
∂
∂zℓ
)]
+2
√−1giL
[
−R
(
∂
∂zi
,X, Y,
∂
∂zℓ
)
+R
(
∂
∂zi
,X, Y,
∂
∂zℓ
)]
= hiℓR
(
∂
∂zi
,X, Y,
∂
∂zℓ
)
+ hℓiR
(
∂
∂zi
,X, Y,
∂
∂zℓ
)
= hiℓ
[
R
(
∂
∂zi
,X, Y,
∂
∂zℓ
)
+R
(
∂
∂zi
, Y,X,
∂
∂zℓ
)]
.
By using the symmetry R(X,Y,Z,W ) = R(Y,X,W,Z) for X,Y,Z,W ∈ TCM , we get the
following formula for the Riemannian scalar curvature,
s = hijhkℓ
(
Rikℓj +Riℓkj +Rjkℓi +Rjℓki
)
= 2hijhkℓ
(
Rikℓj +Riℓkj
)
= 2hijhkℓ
(
2Riℓkj −Rijkℓ
)
.
The proof of Lemma 7.1 is complete. 
7.2. ∗-Ricci curvature and ∗-scalar curvature.
Definition 7.2. Let {ei}2ni=1 be an orthonormal basis of (TRM,g), the (real) ∗-Ricci cur-
vature of (M,g) is defined to be (e.g. [57])
(7.3) Ric∗(X,Y ) :=
2n∑
i=1
R(ei,X, JY, Jei),
for any X,Y ∈ TRM . The ∗-scalar curvature (with respect to the Riemannian metric) is
defined to be
(7.4) s∗ =
2n∑
j=1
Ric∗(ei, ei).
It is easy to see that, for any X,Y ∈ TRM .
(7.5) Ric∗(X,Y ) = Ric∗(JY, JX).
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Lemma 7.3. We have the following formula for ∗-Ricci curvature,
Ric∗(X,Y ) =
√−1hℓiR
(
∂
∂zi
,X, JY,
∂
∂zℓ
)
−√−1hiℓR
(
∂
∂zi
,X, JY,
∂
∂zℓ
)
(7.6)
=
√−1hkℓR
(
∂
∂zk
,
∂
∂zℓ
,X, JY
)
.(7.7)
The ∗-scalar curvature is
(7.8) s∗ = 2hijhkℓRijkℓ = 2sH .
Proof. As similar as the computations in Lemma 7.1, we can write down the ∗-Ricci
curvature in real coordinates { ∂
∂xi
, ∂
∂xI
} and show:
Ric∗(X,Y ) =
√−1hℓiR
(
∂
∂zi
,X, JY,
∂
∂zℓ
)
−√−1hiℓR
(
∂
∂zi
,X, JY,
∂
∂zℓ
)
.
On the other hand,
Ric∗(X,Y ) +Ric∗(JY, JX)
=
√−1hℓiR
(
∂
∂zi
,X, JY,
∂
∂zℓ
)
−√−1hiℓR
(
∂
∂zi
,X, JY,
∂
∂zℓ
)
−√−1hℓiR
(
∂
∂zi
, JY,X,
∂
∂zℓ
)
+
√−1hiℓR
(
∂
∂zi
, JY,X,
∂
∂zℓ
)
= 2
√−1hkℓR
(
∂
∂zk
,
∂
∂zℓ
,X, JY
)
,
where the last step follows by Bianchi identity. Therefore (7.7) follows by the relation
(7.5). For the scalar curvature s∗, by definition, it is
s∗ = gjkRic∗
(
∂
∂xj
,
∂
∂xk
)
+ gjKRic∗
(
∂
∂xj
,
∂
∂xK
)
+gJkRic∗
(
∂
∂xJ
,
∂
∂xk
)
+ gJKRic∗
(
∂
∂xJ
,
∂
∂xK
)
.
By using the symmetry R(X,Y,Z,W ) = R(Y,X,W,Z) and (7.6), we see
s∗ = (
√−1hℓi)
[√−1hkjR( ∂
∂zi
,
∂
∂zj
,
∂
∂zk
,
∂
∂zℓ
)
−√−1hjkR
(
∂
∂zi
,
∂
∂zj
,
∂
∂zk
,
∂
∂zℓ
)]
−(√−1hiℓ)
[√−1hkjR( ∂
∂zi
,
∂
∂zj
,
∂
∂zk
,
∂
∂zℓ
)
−√−1hjkR
(
∂
∂zi
,
∂
∂zj
,
∂
∂zk
,
∂
∂zℓ
)]
= −hijhkℓRjℓki + hijhkℓRjkℓi + hijhkℓRiℓkj − hijhkℓRikℓj
= 2hijhkℓRijkℓ = 2sH ,
where the last step follows by Bianchi identity. 
38
Remark 7.4. It is easy to see that ∗-Ricci curvature is neither symmetric nor skew-
symmetric. For example, by using the Hermitian Ricci tensor and (7.7), we see the fol-
lowing submatrix of the real matrix representation of ∗-Ricci curvature:
Ric∗
(
∂
∂xi
,
∂
∂xj
)
=
√−1hkℓR
(
∂
∂zk
,
∂
∂zℓ
,
∂
∂xi
,
∂
∂xJ
)
= −hkℓR
(
∂
∂zk
,
∂
∂zℓ
,
∂
∂zi
+
∂
∂zi
,
∂
∂zj
− ∂
∂zj
)
=
(
Rij −Rij
)
+ (Rij −Rij)
=
(
Rij −Rij
)
+ (Rij +Rji).(7.9)
The first part in (7.9) is skew symmetric whereas the second part is symmetric. Hence,
as a real (0, 2) tensor, it is impossible to define the positivity or negativity for the ∗-Ricci
curvature. That is Ric∗(X,X) > 0 for all nonzero vector X ∈ TRM can not happen on
any almost Hermitian manifold. To make the ∗-Ricci tensor a symmetric tensor, an extra
condition as
(7.10) R(X,Y,Z,W ) = R(X,Y, JZ, JW )
is sufficient (see, e.g. [29, 57]).
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